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ABSTRACT. The main goal of this paper is to obtain the following lower bounds
—-m/3
‘D;nu,,(-,.)|Lw([0’u71/3]xg) > Cor™™

for solutions w, of nonlinear Schrédinger (NLS) equations with small viscosity v. We also
discuss the application of the above estimate to the theory of turbulence. Namely, we are
interested in time-averaged lower bounds, which are important in establishing upper bounds
for the turbulent space scale.

1 Introduction

In the late nineties (late 1990s) S. Kuksin established a range of results related to the theory of turbulence
(NLS-turbulence), see [8, 9, 10] and references therein. In particular, he proved that for an arbitrary
positive € we have the following lower bounds

—(%2—e)m
|D?UV('7')‘Loe([o,y—l/ii]xﬂ) > v (3-¢) (1.1)

for solutions u, of nonlinear Schrédinger (NLS) equations with small viscosity v < ve m, m = 2, see [10,
theorem 3]. Some of disadvantages of the result in [10] are that the above inequality holds non-uniformly in
¢ and m and the dependence of v, ,,, on € and m is not specified. The main goal of this paper is to establish
similar bounds without the £ appearing above. In addition, our version of the inequality holds uniformly
in m for m > 2. A similar result for generalized multidimensional Burgers equations was obtained in [2].
We also revisit the application of these bounds to turbulence. Namely, we rederive the time-averaged lower
bounds for Sobolev seminorms, which are important in establishing upper bounds for the turbulent space
scale.

Let 2 be an open connected domain in R™ or a periodic domain (torus). Let z be a fixed complex
unitary number, i.e., |z|] = 1. Let p be a fixed natural number. Let u = wu(t,x) be a complex valued
function that satisfies equation

—itr = —vzAu + [u|? u. (1.2)

in the interior of [0, c0) x Q. Here v > 0 is a small positive real number (viscosity, or the turbulence index).
The “+” sign indicates that we are considering both the focusing and the defocusing cases. In fact the
technique used and the results obtained are the same for both cases.

Our main theorem is the following.

Theorem 1.1. Suppose that u is a smooth solution of (1.2) with p > 1 on [0,00) x §, with a smooth
initial state ug. No boundary conditions for u on 02 are assumed. Suppose, that there is a real number
¢ > 0 such that

oscq |uo(z)| & supﬂ(\uo(xn —luo(w)]) = c. (1.3)
x,ye
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Then for every constant ¢, > 0 there exists a positive constant v’ = v'(|ug|L_., ¢, ct), and v-independent
positive constants Cp, = Cp,(Juoln.., ¢ ), m =2,3,... and a time t* = t*(ug, v, ¢t), 0 < t* < a3 such
that for m > 2

[w(®)]om(q) = Coav™™/3  for all positive v < v/ (1.4)

and

oscq |u(t, )| = and  |u(t,-)|L. <|uolL, + 5  for all t €0,t7].

c
2

Moreover, the dependence of Cy, and v' on |ug|r__, ¢ and ¢; can be chosen to be continuous.

oo’

Here [u]gm = sup ‘n|1ax ’%u’ denotes the classical C™ semi-norm. The constants C,, and v also
a|=m
depend on the spacial dimension n and the domain 2, but we suppress this in the notation to avoid

cumbersomeness. Explicit values for the constants C,,, = Cp,(min |ug|, max |ug|, ¢;) and v’ can be easily
extracted from the proof. Among other advantages is that we have no restriction on the space dimension.
Also, we have no restriction neither on the real nor on the imaginary part of z. The constants C,, in
theorem 1.1 are generally less than one. In inequality (1.1) the initial constant is absorbed by imperfection
of the power of the viscosity parameter v. We can obtain inequality (1.1) from theorem 1.1 (with ¢; = 1)
by choosing v, ,, = min{(C,,)"/*™, v'}.

The theorem can be applied as follows. For any C' > ¢ we can deduce uniform lower bounds similar
to (1.4) (but with reduced C,, and v') for any family of solutions, corresponding to a family of initial
conditions {ug : |ug|r., < C,osc|ug| = ¢}. To achieve the uniform bounds it is sufficient to take the
minimum of C,, and v/ over ¢ < |ug|r., < C. This is possible since the dependence of constants C,,, and
V' on |ug|r,, is continuous. This proves that solutions of NLS with large Reynolds number have short
space-scale, see [10]. Another application of the theorem is in the development of the theory of solutions
in low regularity spaces [3, 4]. The following idea behind the proof is due to Kuksin [10]. The fact that
the zero dispersive limit (v = 0) can be solved explicitly, enables us to analyze the original equation
with a Laplacian term using perturbation theory?. The same idea was used later in [3, 4] to prove local
ill-posedness for the Shrodinger equation in low-order Sobolev spaces. In [2] this idea was applied to
multidimensional Burgers equations and their generalizations. Lower bounds for the m ™" derivative of the
form »~™/2 were obtained. It is not clear whether we can employ this idea for the Navier-Stokes system.
The reason is, in part, that the zero viscosity limit, the Euler equation, is even more difficult to study.
However, the Navier-Stokes system can be viewed as a perturbed Burgers equation. No growth rate has
been obtained yet in this way, though this approach implies that derivatives of solutions to the Navier-
Stokes system are separated away from zero, uniformly in small viscosity v, if the initial state satisfies a
certain nondegeneracy condition, see [1].

Our second theorem improves previously known lower bounds for time averaged Sobolev seminorms.
This improvement becomes possible due to theorem 1.1 and also due to a refined approach to obtain lower
estimates for time-averaged Sobolev seminorms when it is known that the classical derivative is large at a
single time-point. We use ||-||,, to denote the m'" Sobolev seminorm, see (2.1).

Theorem 1.2. Assume that Q is a torus and that Im z > 0. Under the assumptions of theorem 1.1 there
exist v-independent constants C/, such that for all sufficiently large m and sufficiently small v we have

,—1/3
n+1

u1/3/ Jul|?, dt > /v 30m="57) (1.5)
0

This theorem will be proved in section 4. We employ several ideas from [10], simplifying some ar-
guments. Among other advantages of theorem 1.2 is that solutions w are not assumed to be odd. It is
worth noting that the conclusion of theorem 1.2 does not follow from the conclusion of theorem 1.1 alone.
Indeed, as a counterexample one could consider a function highly peaked in time. Some extra arguments
and information about the function u should be used. In our case we again use the fact that the function
u satisfies equation (1.2) which enables us to use Gagliardo-Nirenberg type inequalities to obtain some
estimates for the Sobolev norms of u. For this approach to work we should assume that Im z > 0.

2However, a better implementation of this idea allows us to obtain a better result. The fact that the Laplacian term
involves only the second derivatives is the reason why the theorem is applicable only for m > 2.
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2 Previous results revisited

In paper [10] upper and low estimates for the derivatives of solutions of (1.2) were studied. In particular
the following result was obtained:

Theorem 2.1. (Theorem 3 in [10].) Suppose that u is a smooth solution of (1.2) withp > 1 on [0, 00) x 2,
with a smooth initial state ug. No boundary conditions for u on 02 are assumed. Suppose, that

def
oscq |uo(z)| = sup (Juo()| — |uo(y)]) > 1.
z,yc)

Then for any k < 1 and m > 2 there exists a positive constant v/ = v/ (k,m, [ug|r..) and a time t* = t*(uy),
0<t* <v 3 such that

—mkK

[u(®)|m ) = v for all positive v < v/

and oscq |u(t*, )| = 1.

The time interval of the form 0 < t* < v~ 3 is chosen for convenience only. The same result remains true
for 0 < t* < Const v~ 3, if v/ is modified accordingly. The same applies for the condition oscq |ug(z)| = 1
(it can be changed by rescaling).

While our main goal is to show that the lower bound »~™" above can be replaced with Cmu_%m, ie.
K< % can be replaced with %, we will demonstrate a corollary to the previous theorem which is also due
to Kuksin. It deals with the periodic solutions of (1.2), for which lower bounds for time average of the
H™-Sobolev seminorms || - ||, are obtained. The H™-Sobolev seminorms ||ul|,, for a periodic function u
are defined as follows:

mk

ull2 = /nu(—A)ka d"x. (2.1)

Here T™ denotes the periodicity domain of the function u (a torus). We note that [jul|, = |u|..

In the statement of this theorem, we have made explicit the exponent of v in (2.2) implied by the proof.
This exponent is not explicitly stated in [10]. This enables us to quantify the improvements on the bounds
arising from the different approach taken in the current paper.

Theorem 2.2. (see [10, Thm 4]) Let Q = T™ be a periodic domain (torus). Let p € N. Assume that
Imz > 0. Let the smooth function v = wu,(t,x) satisfy (1.2) fort > 0, ||u,(0,-)|,, < Cm for m >0, and
osc|u, (0,-)] = 1. Then for any integer m > max{[%] + 3,pn} and for any e > 0 there ewists ve n, (which
also depends on C.,) such that for any positive v < Ve, we have

L-1/3

1/1/3/ ”qun dt > V_%(m_[%]_2_€)#pn' (2.2)
0

Here [%] denotes the integer part of 5. In particular, [g] =1 for n =2 and for n = 3.

Remark 2.3. Theorem 4 in [10] is proven in dimensions n < 3 only> and for m > max{[%} +3,pn+1}.
Howewver, the condition m > pn—+1 was lost in both the statement and the proof. Careful track of exponents
in [10] reveals the following lower bound: yoim=[3]-2-9mmm oy form of the key ingredient (2.4)
makes the proof shorter and more transparent. Moreover, new lemma 2.4 allows us to get a slightly better
exponent and a better condition on m. Furthermore, we are not restricted to the case of odd functions.

3Because [10] is devoted to the case n < 3. However the paper can be easily extended to the case of any spacial dimension n.



Proof of theorem 2.2 given theorem 2.1. Let z = a + bi, b > 0. The function u, (¢, ) solves the equation
Owu = (b — ai)vAu =+ ilu|*Pu. (2.3)

Multiplying (2.3) by @, integrating over the period, and taking the real part we obtain %&Hu”% =
—bv|lul|? < 0. Hence the L*norm ||ul|, is non-increasing with time and therefore is bounded by Cp.
Similarly, we multiply (2.3) by u in H™, i.e., we multiply (2.3) by (—A)?™, integrate over the periodicity
domain, and take the real part. The result is

2
Loulullz, = ~blull?, oy — T (), < [P o,

Hence & |jul|,, < H|u|2puH and (& ||u\|m)+ < H|u|2puH , where (a)y = max{0, a}.
m m
One of the key ingredients in the proof is the following fact:
Let f € CY([0,T];R) (or let f be Lipschitz or even only an absolutely continuous function) then

T
[ (#0), ar> s 1) 0) (2.4
From the Sobolev inequality
lull y3+5 = clulpe (2.5)
we have
[t Y > clult* s > e solgm1=0) (2.6)

for m > [g] + 3. Applying the “key ingredient” we obtain
T 1 n
/ (%Huﬂm)+ dt > ey 5m=151-1-9) for small v
0

since |u,(0,-)||m is bounded. Here T' = v~1/3 and “for small v” means v € (0,7,,.). To complete this
proof we need the following lemma;:

2 m

_bn pn
Lemma 2.4. Let m > %. Then H|u\2puH < C<||u||(2)p u||1+€" —|—‘<u>|2p ||u||m), where (u) =
m

W an u dx is the mean value of the function u.

Proof. We first assume that (u) = 0. Fix positive § < min{%,m — §}. The proof then follows from the
chain of inequalities:

2 2 2p— P pn
eI puHm <l ful e < g Ml el 15 llully 5 < C Il lllo” ™ Ilullze -

The first inequality follows by multiple application of lemma Al in appendix. The second inequality is
the Sobolev interpolation for L> (see appendix, lemma A2). The latter is just an interpolation of H*®
norms (see appendix, lemma A3). The case (u) # 0 follows by applying the full version of lemma A2 for
a function with non-zero mean value and the inequality (a + b)* < 28=1(a* + b*) for k = 2p > 1. Lemma
2.4 is proven. O
We now continue with the proof of theorem 2.2. Since the L?-norm ||ul|, < Cp is bounded for any ¢ > 0

1 .

and |(u)| < WETiO] |lul|y, we have from lemma 2.4:

T
[ I 5 @ H 0 e =
0

Hence, at least one of the following inequalities hold:

,—1/3 ,—1/3

yl/B/ a5 dt > gy dtmE2a o yl/B/ lull, dt > cy-boml31=2-2),
0 0
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For a < 2 we have % [ f2dt > (& [\ fodt)®
and a = 1 we finally get

. Using this fact for f(t) = [lu(t,-)[],, with o =14 2=

L—1/3

y1/3/0 Jul?, dt > & 3m-l5l-2-a)ms

Since € > 0 is arbitrary, we can set the constant ¢ to be 1 by decreasing v,, . if necessary. The condition
m = pn is used to ensure that a =1+ % < 2. Theorem 2.2 is proven. O

Using theorem 1.1 instead of theorem 2.1 as a basis for theorem 2.2 we can obtain an immediate
improvement (see (2.10)). Indeed, the proof of theorem 2.2 is based on the following chain of inequalities

1 T 1 T » 2 1 2
1422 a a
] M= (5 [ 1 )" s (Gl (27)
where % = m2+m , and by using these in conjunction with theorem 1.1 we can avoid loss of a power of v as
pn

we did using inequalities (2.5) and (2.6). Instead of (2.5) we use the following estimate which is sharp in
terms of the powers

1/2 1/2
ol 25 ol s - (2.8)

|U|L°° g Cn,é 5
Here we assume that the mean value of v is zero, see appendix, lemma A2. Applying this to derivatives

v = D™u we obtain that the inequality
[u(t*)||x = Crp~k=n/2)/3 (2.9)

can not be violated for both k =m +mn/2 -6 and k =m +mn/2+ 6 if m > 2. In fact we claim that (2.9)
is true for all sufficiently large real k. Indeed, assuming the opposite, we find sufficiently large k; and ko
such that ky — k1 > 2 and

”u(t*)”kj < ijy—(kj—n/Q)/3 ] _ 1727

where c;; <1, j = 1,2 are to be chosen later. By interpolation we find that

[u(t))l, < cr= B3 ke [k, k).

Therefore using inequality
1/2 1/2
fidom < €l g sl 5 15
for a suitable m such that m+2F8 € [k1, k] we find [u] ., < (small constant)r~™/3. Choose the constants
¢k, < 1 and ¢g, < 1 so that the small constant above is less then the constant in (1.4). The contradiction
obtained with theorem 1.1 proves that (2.9) holds for all sufficiently large k. Summarizing the arguments,
i.e., plugging (2.9) into (2.7) with 7' = v~'/3 we conclude that for all sufficiently large real m we have

L-1/3

1,1/3/ |w|?, dt > C,, v 3m=5 D (2.10)
0

The statement of theorem 1.2 is even stronger. We postpone discussion of time-averaged Sobolev seminorms
till section 4.

3 Proof of theorem 1.1

We start with a technical lemma, from which we then derive the main theorem.

Lemma 3.1. Let u = u(t, ) be a smooth complex valued function that satisfies equation (1.2) with p > 1
in the interior of the domain [0, 00)x [0, £]™.
Suppose that there exists a point x1 € [0,£]™ such that
def

0<u0z)|a< sup |u0,z) <. (3.1)
xze[0,0m™



Let 0 > 0 be a real number such that the o-neighborhoods of the numbers a and b do not intersect and do

not contain zero, i.e., 0 < a and o < b_T“

Suppose that the positive real numbers cq and c; satisfy the following inequalities:

neec < o, (3.2)
b—0o)? — (a+0)%° —
e < o 0=~ @t )= 0) (3.3)
anl(b + o)t/?
and that v is small enough to satisfy the following two inequalities:
A3 > 4(b+0), (3.4)
¢ ,/—1/3((b — o) — (a+ 0)217) > My—l/i’) + _7 + g (3.5)
¢ - a—o b—0oc a—o '
Then there exists a time t* € [0,T], where T = c,v= /3, such that
‘max  sup 822 (t*,x)| > Av 23, (3.6)
J=Ln gefo,gn | O]
sup |u(t, m)| <b+o, (3.7)
xe[0,4]M
te[0,t*]
inf t, ) =>b—a—20. 3.8
tel[g,t*]oscm( )| a—20 (3.8)

Remark 3.2. We briefly discuss the purpose of conditions (3.2)—~(3.5). Condition (3.2) is imposed in order
to have the following property: The change in a Lipschitz function with the Lipschitz constant ncZul/?’ over
a time interval of length c,v='/3 is at most o. The purpose of (3.3) is to make (3.5) possible. Condition
(3.4) is in order to apply the multiplicative interpolation inequality (A.4). Inequality (3.5) is the main
condition needed to prove the lemma.

Remark 3.3. From (3.2) and (3.3) it follows that cq can be chosen to be continuous in a, b, o and c;.
From (3.4) and (3.5) it follows that the smallness threshold for v (the mazimal admissible v) depends
continuously on all other parameters.

Proof (of lemma 3.1). Let &2 be a point at which the supremum in (3.1) is achieved. For simplicity we
assume that @1 and x5 are internal points of the cube [0,¢]™. The general case is obtained by a limiting
process. In what follows [z, 23] denotes the straight line segment joining x; and ax3. Without loss of
generality, we assume that for all points @ € [x1,®2] we have |u(0,)| € [a,b] (otherwise we can consider
a subsegment of [x1, z3]).

We proceed by an argument by contradiction. Suppose that (3.6) does not hold, i.e.:

62

)

e <3 forallj=1,...,n,te(0,T], [0, (3.9)
J

Then from the equation (1.2) it follows that for ¢ € [0, 7] the function |u| (¢, ) is Lipschitz in ¢ with the
Lipschitz constant ncflyl/ 3. Using this and inequality (3.2), we have

|[u(0, )| — |u(t, z)|| < o (3.10)

for all x € [0,¢]" and t € [0,7]. Note that using (3.1) inequality (3.10) implies |u(t,x)| < b+ o.
Furthermore, (3.1) and (3.10) imply

a—o<|ult,z)| <a+o and b—o < |u(t,zs)| <b+o. (3.11)



By virtue of condition (3.4) we can apply (A.4) to get

ou

Sl <20+ ) eq™3 forallj=1,...,n,te0,T], z € [0,0". (3.12)

The images of the straight line segments [(0,z1), (0, 2)] and [(T, 1), (T, z2)] under the map u are curves
in C of length Ly and Ly respectively. Using (3.12) we have

max{Lg, L7} < nfmax ‘@

e | S 2nl(b + o) 2equ /3 (3.13)

By virtue of (3.10) the image of the rectangle with the vertices (0,21), (0,2), (T, x2) and (T, 1) under
the mapping u belongs to the annulus a — o < |u| < b+ o and is contractible within the annulus. We

denote the boundary of this rectangle by I'. Consider the map ¢ : I' — S',  @(t,z) = % Here

St denotes the unit circle: S' = {z € C: |z| = 1}. Note that the map ¢ is contractible*. The circle S*
can be naturally identified with R/Qﬂz and we will write S! = R/QWZ' With this in mind the formula for
the map ¢ becomes as follows: ¢(t,x) = argu(t,z). Let ¢ : I' — R be the lifting of this map to the real
line R, (see, e.g. [6, p. 133]). Since the map @ is contractible, the lifting ¢ exists and is defined up to a
multiple of 2. On the “vertical” sides of the rectangle T' (i.e., on the sides parallel to the time axis) we
have the inequality

w2 _ lrdul %tp <u? 4+ Iléul ) (3.14)

For the “vertical” sides [(O,wi), (T, :ci)], i = 1,2 we assign numbers 0; = |o(T,x;) — ¢(0,x;)|, i = 1,2.
Inequality (3.14) and bounds (3.11) imply

2

vnciy=2/3 vnc2y—2/3
02> T (-0 = 22)  and 0y < T ((0+0)% + 2920, (3.15)
Similarly for “horizontal” sides [(0,1),(0,@2)] and [(T, 1), (T, x2)] we assign numbers 6y and 67 as
follows: 6, = |p(7,21) — p(T,x2)|, where 7 = 0 or 7 = T'. Since the image of I' under the map u belongs
to {z € C: |2| > a — o} we have: 0y + 07 < Z2ELT Therefore, applying (3.13) we conclude that

1/3

Oy + Op < 2220t Pear V0 (3.16)

a—o

Now we employ (3.15) and (3.16) to deduce from the triangle inequality 6 < 01 + 6y + 01 the following
inequality:

/3 ((b — o) — ‘716635[1;/3) < e t3 ((a +0)% + nc§y1/3> + dnllbro) Peqy TP (3.17)

a—o a—o

Accounting for (3.2), this inequality contradicts inequality (3.5). We set t* to be the first moment of time
when inequality (3.6) holds. Then inequality (3.10) is satisfied for « € [0, ¢]™ and t € [0,t*], and we arrive
at (3.7) and (3.8). O

Proof of theorem 1.1. Find a suitable cube in 2 and apply lemma 3.1. Since the maximum of w is
bounded at ¢*, but the second derivative is large, we can employ the interpolation inequalities for the
classical C™-seminorms (see, e.g. [7]) to get (1.4) from (3.7) and (3.6). Finally, the continuity of the
constants C,,, and v/ follows since they can be constructed explicitly, see remark 3.3. O

4 Time-averaged Sobolev norms
In this section we prove theorem 1.2. On the space of ¢-periodic functions

u(t, ) =ult,z1,...,z; +4,...,x) (4.1)

4Topologically ¢ is a map from a circle into a circle. Contractibility essentially means that if the argument completes
a full loop in I' its image doesn’t complete any full loop in S'. In other words the positive movements of the image are
compensated for by the negative movements.



we consider the family of (semi-) norms
2 k- n al\ | o |2
Jull;, = /Mnu(—A) ad'z="y" (2)[Dl;, 0 gm (4.2)

Here (|Z‘) =( | ) = laatFan)l “the coefficients in the generalized binomial equation:

Q1 yeneyQpy ar! - ap!

($1+$2+...+.’L'n)k: Z (Z)wa,
|| =k

and we note that Z\a|:k (2) = nk.

Lemma 4.1. Let u be an £-periodic solution of equation (1.2). Then for any time t we have:

1d 2
5 —ellull < v (im )l + Cpnbul2”_ [l (43)

One can take Ci ppn = 4% (2p 4 1)knk.

Proof. We multiply the equation (1.2) by i(—A)*%, integrate over the period [0,¢]" and take the real

part to get

1d . o
§E||u|\i = —v(Im z)||u||i+1 + §R/ z|u|2pu(fA)k‘u d"zx. (4.4)
[0,

For brevity we will omit the domain of integration [0, ¢]™ from the integral sign. To complete proof of the
lemma, we need to prove the inequality

(/ [uPPu(~8) 5 d"a| < Cipalul?. /u(—A)kﬂdw. (4.5)
Integrating the left hand side of this by parts k times, we obtain
2 2 _ _
/|u|2puzag?l e - (—1)’6/2(,,31 (P Gy e (4.6)

Both the right hand side and the left hand side contain n* terms. Now we use the formula for differentiating
the product

2p+1
o)

Bi
é) _ 1%} 1%}
Boy Ty (V1027 Vp) = > I (2 ay) o

Bri+-+B2p+1=(1,...,1) =1

Here f3; are k-dimensional multi-indexes and the dimension of (1,...,1) is also k. The sum in the r.h.s.
contains (2p + 1) terms. Hence the right-hand side of (4.6) can be represented as a sum of (2p + 1)*n*
terms, each of them of the form

/D(”U1 ce Daz”+lvzp+1Davgp+2 dex, (47)

where || = k and o +- -+ aop1 = a; v = u for odd | and v; = @ for even {. Using the Holder inequality
we estimate the absolute value of (4.7) as:

2p+1

‘/Dalvl - Da2p+1v2p+1DaU2p+2 dw‘ < ( H |Dal11l|L ) |Dav2p+2|L2 =9.
=1

2k
lag

Using the Gagliardo-Nirenberg inequality (see [5], pp. 106-107)

] ol
k

_ 1 el
‘DOALU”L " < gloal(k \ocl|)|vl|Loo % ”UlHk ’
[

Al



we obtain
2p+1

[ 2
s (L ol lospaallie < 472l

To obtain the last inequality we used the simple inequality | |(k—|;|) < |oy|k and the fact that > |oy| = k.
We arrive at (4.5) with Ckppn = 4k2(2p +1)kn* so the lemma 4.1 is proven. O

Using (2.9), for all sufficiently large &k, we have the following estimate:
2(p_z
e, ) > e (2) %, (48)
where ¢} are v-independent constants.

Suppose, that Im z > 0; then using the fact that |u(t)|L
1.1) we derive from (4.3) the following inequality:

remains bounded for ¢ € [0,¢*] (see theorem

oo

%Hu”i < c’||u||i for all ¢ € [0,t*].

From this it follows that

*

T t* t 5
¢ 1y 30-3)
/Ouu||idt>/0 ||uuidt>5/0 Sljuf2de > % ()3 )2,

We conclude from this that for all large enough k, and for small enough v we have

7/ [ul2dt > C, (L)3*~%)7s (4.9)

Here T = c'/3; ¢, and (. are v-independent constants. The value ¢; can be chosen to be 1 (see
theorem 1.1). This proves theorem 1.2.

Appendix.

For a smooth function f defined on an n-dimensional torus T" = R"/(¢Z)" we define the H™ Sobolev
seminorm as follows:

n

191 = [(arnfde= 30 (D0 = > Jom 2 e

la|=m Jiseesim=1

Here (\gl) = 1o Note that 2 lal= (‘O‘I) = n™. In the following lemma we prove a Moser inequality

arlapn!”
with the constant n™4™".

Lemma Al. Let f and g be smooth functions, defined on an n-dimensional torus. Let m > 0. Then

2
19l < ™4™ (1F | Loe gl + 171l 19 Loe)-

Proof. It is sufficient to estimate every term of the form | % L2
Im

Using the Leibniz rule for differentiating products we find that it is sufficient to estimate |(D* f)(D"g)| L2
for any multi-indexes o and ( such that |a + 5| = m. We note that for any multi-index v with |y| = m
the Leibniz expansion of D7(fg) has 2™ many terms of the form (D®f)(D?g) with o + 8 = 7. Applying
the Holder inequality we obtain

(D F)(D)] o <UD 2

We note that there are n™ of them.

(Dﬁg)}L%~



Next we use Gagliardo-Nirenberg inequality [5, pp.106-107]

(D) 2 < dleltm=lol 150

LTal

to obtain . ‘

(D) 3y | (D) g < 4™ (1] gl 7 W
Using the inequality ASB1 *<sA+ (1—s)B < A+ B we arrive at

(a7 m — | 2
(D F)(DPg)] o < A7 (£ Lo Mgl + L9 e 1£],) -

Finally, using |a|? + |3|?> > |a| + |3| = m, we have gmpmgm®=lal’=IB* < gmpmym*—m < pmgm*  The
lemma is proven. 0

Lemma A2. For any positive 6 and for any smooth function u defined on the torus T = R"™/(¢Z"™) we
have "

1/2
[ul e < Cos lull 325 [lullf

5+ (W], (A1)
where (u) = iz Jp u(®) da is the mean value of the function u. The constant C, 5 does not depend on
u or the size ¢ of the torus T".

Proof. Consider the Fourier decomposition u(x) = >, cyn g €xp
assume (u) = o = 0. Fix any positive real number r we have

il < ikl = > liwl+ Y k| =

(M) Without loss of generality we

kezm\{0} 0<|k|<r |k|>T
= > IRTE R k] + Y Rl (R E T fa| <
0<|k|<r |k|>r
1 1 1 1
< ( Z ‘k|7n+25)2 ( Z |k|n725 |ﬁk|2)2 i (Z |k|fn725)2(z ‘k|n+25 2)2
0<|k|<r o< |k|<r |k|>r |k|>r

1 1
Denote 91 (r) = (Zo<|k|<r |k|_"+26) 2 and ¢o(r) = (Elkbr |k:|_"_26) 2. Then for any r > 0 we have
-n ™ )9
Jul g < @m)72 (1) ully s (3)" +wa(r) ully 5 () ")
We claim that there exist two positive constants C;, 5 and C}) 5 such that

P1(r) < 0;757’5 and  Yo(r) < C;L”érf‘;. (A.2)

To prove this claim we first, using integral bounds for sums, establish (A.2) asymptotically as r — oo, i.e.
for r > R for large enough R. Second, we note that 1o is bounded and ), is equal to zero for r < 1. Thus

we obtain s 5
il < 2 (Ol g ()" + €l 0%) ).

. . o\ & .
Now taking 7 to satisfy (r2r)" = \/C’” Hu||g+5 /(C’ ||u|\%_6) we arrive at (A.1). O

Lemma A3. For fized f the function m — ||f]|,, is log-convex.
Proof. Consider the Fourier representation f(x) =3 ;s e exp(ZXE2) then

IF12, = (22)"™ S k2™ fl.

kezn

It is sufficient to prove that the map m — 3 |k|>™|fx|? is log-convex. This follows from the Holder
inequality,

D[P ma fj2 = N ([P ) (P2 fol?) < (O P 1 fl?)T (O IR )
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Here s € [0, 1]. O

Lemma A4. Let u be a C*-smooth complex valued function defined on the interval [0,£]. Let My and M
be positive real numbers such that [u], < My and [u], < My. Then we have

[, < B B i 2yl (A.3)
[u), < 2My* My if 2> (A.4)

Proof. We can reduce the lemma to the real case by considering the function v = Re{e?®u} for appropriate
f. The lemma is scale invariant, so without loss of generality, we consider My = My = 1. The proof then
follows by consideration of piecewise quadratic functions and the extreme case £ = 2 and u(z) = 22/2 — 1.

|
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The following theorem have been removed from the final publication.

5 Removed theorem.

To illustrate the explicit constants mentioned in the introduction, we consider the case of functions u that
satisfy periodic boundary conditions, i.e., for any 7 = 1,...,n we have:

u(t, ) =ult,z1,.. ., T xn) =u(l, 21, ..,z 4, Ty). (5.1)

We will also use a technical assumption that u takes the value zero at some point initially. This assumption
is satisfied for example, in the odd-periodic case.

Theorem 5.1. Let u be a periodic solution of equation (1.2), such that ug takes value zero. Let

— (420 —320)1/% 2p/3+1/2 _ __A(ene?5tn)l/
Cd = 5,,37341/352p/371/261/6 o] and ¢ = (427 —329)2/3| g [37/3 * (5.2)
Suppose that
(42P—3%°)0% ) 19p,
v < S3ommzser w0l ™; (5.3)

then there exists t* € [0,T], where T = cev ™3 such that for any k > 2 we have

ok 1 k,,—k/3
‘max  sup —Z(t*,m) > — i — (5.4)
i=1n g0, n | O \/§(g|u0|L )T
6
sup |u(t*, )| < —|uol. (5.5)
xe[0,e]m 5
te[0,t*]

Proof. By continuity, |ug(z)| takes all values between zero and max |ug|. We set b = |ug|, a = 2 |ug|,
o = % |ug| and use lemma 3.1. The estimate (5.5) follows immediately. The estimate (5.4) is obtained by
the extrapolation of (3.6) and (5.5), using the interpolation inequality | f(|,__ g) < Cl,k\f&iéﬁ) | fO) |lL/i ®)
(see [7]) with [ = 2 and

flx) =ut,Z1,...,Tj-1,2, Tjx1,- - -, Tn),
where j is the index of the derivative and (Z1,...,%,) is the point where supremum in (3.6) is achieved.

We also used the inequality C;/,f < /3 which follows from the explicit values for the constants Cj ;. given
in [7] . O
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