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Abstract. The main goal of this paper is to obtain the following lower bounds

|Dm
x uν(·, ·)|L∞([0,ν−1/3]×Ω) > Cmν

−m/3

for solutions uν of nonlinear Schrödinger (NLS) equations with small viscosity ν. We also
discuss the application of the above estimate to the theory of turbulence. Namely, we are
interested in time-averaged lower bounds, which are important in establishing upper bounds
for the turbulent space scale.

1 Introduction

In the late nineties (late 1990s) S. Kuksin established a range of results related to the theory of turbulence
(NLS-turbulence), see [8, 9, 10] and references therein. In particular, he proved that for an arbitrary
positive ε we have the following lower bounds

|Dm
x uν(·, ·)|L∞([0,ν−1/3]×Ω) > ν

−( 1
3−ε)m (1.1)

for solutions uν of nonlinear Schrödinger (NLS) equations with small viscosity ν < νε,m, m > 2, see [10,
theorem 3]. Some of disadvantages of the result in [10] are that the above inequality holds non-uniformly in
ε and m and the dependence of νε,m on ε and m is not specified. The main goal of this paper is to establish
similar bounds without the ε appearing above. In addition, our version of the inequality holds uniformly
in m for m > 2. A similar result for generalized multidimensional Burgers equations was obtained in [2].
We also revisit the application of these bounds to turbulence. Namely, we rederive the time-averaged lower
bounds for Sobolev seminorms, which are important in establishing upper bounds for the turbulent space
scale.

Let Ω be an open connected domain in Rn or a periodic domain (torus). Let z be a fixed complex
unitary number, i.e., |z| = 1. Let p be a fixed natural number. Let u = u(t,x) be a complex valued
function that satisfies equation

−iu̇ = −νz∆u± |u|2p u . (1.2)

in the interior of [0,∞)×Ω. Here ν > 0 is a small positive real number (viscosity, or the turbulence index).
The “±” sign indicates that we are considering both the focusing and the defocusing cases. In fact the
technique used and the results obtained are the same for both cases.

Our main theorem is the following.

Theorem 1.1. Suppose that u is a smooth solution of (1.2) with p > 1 on [0,∞) × Ω, with a smooth
initial state u0. No boundary conditions for u on ∂Ω are assumed. Suppose, that there is a real number
c > 0 such that

oscΩ |u0(x)| def= sup
x,y∈Ω

(
|u0(x)| − |u0(y)|

)
> c . (1.3)

1The author is supported in part by CAMGSD and FCT/POCTI-POCI/FEDER and CRC Postdoctoral fellowship of
McMaster University.
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Then for every constant ct > 0 there exists a positive constant ν′ = ν′(|u0|L∞ , c, ct), and ν-independent
positive constants Cm = Cm(|u0|L∞ , c, ct), m = 2, 3, . . . and a time t? = t?(u0, ν, ct), 0 6 t? 6 ctν

− 1
3 such

that for m > 2
[u(t?)]Cm(Ω) > Cmν

−m/3 for all positive ν < ν′ (1.4)

and
oscΩ |u(t, ·)| > c

2 and |u(t, ·)|L∞ 6 |u0|L∞ + c
2 for all t ∈ [0, t?].

Moreover, the dependence of Cm and ν′ on |u0|L∞ , c and ct can be chosen to be continuous.

Here [u]Cm = sup max
|α|=m

∣∣ ∂α
∂xαu

∣∣ denotes the classical Cm semi-norm. The constants Cm and ν′ also

depend on the spacial dimension n and the domain Ω, but we suppress this in the notation to avoid
cumbersomeness. Explicit values for the constants Cm = Cm(min |u0|,max |u0|, ct) and ν′ can be easily
extracted from the proof. Among other advantages is that we have no restriction on the space dimension.
Also, we have no restriction neither on the real nor on the imaginary part of z. The constants Cm in
theorem 1.1 are generally less than one. In inequality (1.1) the initial constant is absorbed by imperfection
of the power of the viscosity parameter ν. We can obtain inequality (1.1) from theorem 1.1 (with ct = 1)
by choosing νε,m = min{(Cm)1/εm, ν′}.

The theorem can be applied as follows. For any C > c we can deduce uniform lower bounds similar
to (1.4) (but with reduced Cm and ν′) for any family of solutions, corresponding to a family of initial
conditions {u0 : |u0|L∞ 6 C, osc |u0| > c}. To achieve the uniform bounds it is sufficient to take the
minimum of Cm and ν′ over c 6 |u0|L∞ 6 C. This is possible since the dependence of constants Cm and
ν′ on |u0|L∞ is continuous. This proves that solutions of NLS with large Reynolds number have short
space-scale, see [10]. Another application of the theorem is in the development of the theory of solutions
in low regularity spaces [3, 4]. The following idea behind the proof is due to Kuksin [10]. The fact that
the zero dispersive limit (ν = 0) can be solved explicitly, enables us to analyze the original equation
with a Laplacian term using perturbation theory2. The same idea was used later in [3, 4] to prove local
ill-posedness for the Shrödinger equation in low-order Sobolev spaces. In [2] this idea was applied to
multidimensional Burgers equations and their generalizations. Lower bounds for the m-th derivative of the
form ν−m/2 were obtained. It is not clear whether we can employ this idea for the Navier-Stokes system.
The reason is, in part, that the zero viscosity limit, the Euler equation, is even more difficult to study.
However, the Navier-Stokes system can be viewed as a perturbed Burgers equation. No growth rate has
been obtained yet in this way, though this approach implies that derivatives of solutions to the Navier-
Stokes system are separated away from zero, uniformly in small viscosity ν, if the initial state satisfies a
certain nondegeneracy condition, see [1].

Our second theorem improves previously known lower bounds for time averaged Sobolev seminorms.
This improvement becomes possible due to theorem 1.1 and also due to a refined approach to obtain lower
estimates for time-averaged Sobolev seminorms when it is known that the classical derivative is large at a
single time-point. We use ‖·‖m to denote the mth Sobolev seminorm, see (2.1).

Theorem 1.2. Assume that Ω is a torus and that Im z > 0. Under the assumptions of theorem 1.1 there
exist ν-independent constants C ′m such that for all sufficiently large m and sufficiently small ν we have

ν1/3

∫ ν−1/3

0

‖u‖2m dt > C ′mν
− 2

3 (m−n+1
2 ) . (1.5)

This theorem will be proved in section 4. We employ several ideas from [10], simplifying some ar-
guments. Among other advantages of theorem 1.2 is that solutions u are not assumed to be odd. It is
worth noting that the conclusion of theorem 1.2 does not follow from the conclusion of theorem 1.1 alone.
Indeed, as a counterexample one could consider a function highly peaked in time. Some extra arguments
and information about the function u should be used. In our case we again use the fact that the function
u satisfies equation (1.2) which enables us to use Gagliardo-Nirenberg type inequalities to obtain some
estimates for the Sobolev norms of u. For this approach to work we should assume that Im z > 0.

2However, a better implementation of this idea allows us to obtain a better result. The fact that the Laplacian term
involves only the second derivatives is the reason why the theorem is applicable only for m > 2.
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2 Previous results revisited

In paper [10] upper and low estimates for the derivatives of solutions of (1.2) were studied. In particular
the following result was obtained:

Theorem 2.1. (Theorem 3 in [10].) Suppose that u is a smooth solution of (1.2) with p > 1 on [0,∞)×Ω,
with a smooth initial state u0. No boundary conditions for u on ∂Ω are assumed. Suppose, that

oscΩ |u0(x)| def= sup
x,y∈Ω

(
|u0(x)| − |u0(y)|

)
> 1 .

Then for any κ < 1
3 and m > 2 there exists a positive constant ν′ = ν′(κ,m, |u0|L∞) and a time t? = t?(u0),

0 6 t? 6 ν−
1
3 such that

|u(t?)|Cm(Ω) > ν
−mκ for all positive ν < ν′

and oscΩ |u(t?, ·)| > 1
2 .

The time interval of the form 0 6 t? 6 ν−
1
3 is chosen for convenience only. The same result remains true

for 0 6 t? 6 Const ν−
1
3 , if ν′ is modified accordingly. The same applies for the condition oscΩ |u0(x)| > 1

(it can be changed by rescaling).
While our main goal is to show that the lower bound ν−mκ above can be replaced with Cmν

− 1
3m, i.e.

κ < 1
3 can be replaced with 1

3 , we will demonstrate a corollary to the previous theorem which is also due
to Kuksin. It deals with the periodic solutions of (1.2), for which lower bounds for time average of the
Hm-Sobolev seminorms ‖ · ‖m are obtained. The Hm-Sobolev seminorms ‖u‖m for a periodic function u
are defined as follows:

‖u‖2k =
∫

Tn
u (−∆)kū dnx . (2.1)

Here Tn denotes the periodicity domain of the function u (a torus). We note that ‖u‖0 = |u|L2 .
In the statement of this theorem, we have made explicit the exponent of ν in (2.2) implied by the proof.

This exponent is not explicitly stated in [10]. This enables us to quantify the improvements on the bounds
arising from the different approach taken in the current paper.

Theorem 2.2. (see [10, Thm 4]) Let Ω = Tn be a periodic domain (torus). Let p ∈ N. Assume that
Im z > 0. Let the smooth function u = uν(t, x) satisfy (1.2) for t > 0, ‖uν(0, ·)‖m 6 Cm for m > 0, and
osc |uν(0, ·)| > 1. Then for any integer m > max{

[
n
2

]
+ 3, pn} and for any ε > 0 there exists νε,m (which

also depends on Cm) such that for any positive ν < νε,m we have

ν1/3

∫ ν−1/3

0

‖u‖2m dt > ν−
2
3 (m−[n2 ]−2−ε) m

m+pn . (2.2)

Here
[
n
2

]
denotes the integer part of n

2 . In particular,
[
n
2

]
= 1 for n = 2 and for n = 3.

Remark 2.3. Theorem 4 in [10] is proven in dimensions n 6 3 only3 and for m > max{
[
n
2

]
+ 3, pn+ 1}.

However, the condition m > pn+1 was lost in both the statement and the proof. Careful track of exponents
in [10] reveals the following lower bound: ν−

2
3 (m−[n2 ]−2−ε) m

m+pn+1 . Our form of the key ingredient (2.4)
makes the proof shorter and more transparent. Moreover, new lemma 2.4 allows us to get a slightly better
exponent and a better condition on m. Furthermore, we are not restricted to the case of odd functions.

3Because [10] is devoted to the case n 6 3. However the paper can be easily extended to the case of any spacial dimension n.
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Proof of theorem 2.2 given theorem 2.1. Let z = a+ bi, b > 0. The function uν(t, x) solves the equation

∂tu = (b− ai)ν∆u± i|u|2pu. (2.3)

Multiplying (2.3) by ū, integrating over the period, and taking the real part we obtain 1
2∂t‖u‖

2
0 =

−bν‖u‖21 6 0. Hence the L2-norm ‖u‖0 is non-increasing with time and therefore is bounded by C0.
Similarly, we multiply (2.3) by u in Hm, i.e., we multiply (2.3) by (−∆)2mū, integrate over the periodicity
domain, and take the real part. The result is

1
2∂t‖u‖

2
m = −bν‖u‖2m+1 − Im

〈
|u|2pu, u

〉
m
6
∥∥∥|u|2p u∥∥∥

m
‖u‖m .

Hence d
dt ‖u‖m 6

∥∥∥|u|2p u∥∥∥
m

and
(

d
dt ‖u‖m

)
+
6
∥∥∥|u|2p u∥∥∥

m
, where (a)+ = max{0, a}.

One of the key ingredients in the proof is the following fact:
Let f ∈ C1([0, T ]; R) (or let f be Lipschitz or even only an absolutely continuous function) then∫ T

0

(
df
dt (t)

)
+

dt > sup
t∈[0,T ]

f(t)− f(0). (2.4)

From the Sobolev inequality
‖u‖

H
n
2 +δ > c|u|L∞ (2.5)

we have

‖u(t?, ·)‖m > c|u(t?, ·)|
Cm−[n2 ]−1

by Thm 2.1

> cν−
1
3 (m−[n2 ]−1−ε) (2.6)

for m >
[
n
2

]
+ 3. Applying the “key ingredient” we obtain∫ T

0

(
d
dt‖u‖m

)
+

dt > cν−
1
3 (m−[n2 ]−1−ε) for small ν

since ‖uν(0, ·)‖m is bounded. Here T = ν−1/3 and “for small ν” means ν ∈ (0, νm,ε). To complete this
proof we need the following lemma:

Lemma 2.4. Let m > n
2 . Then

∥∥∥|u|2p u∥∥∥
m
6 C

(
‖u‖2p−

pn
m

0 ‖u‖1+ pn
m

m +
∣∣〈u〉∣∣2p ‖u‖m), where 〈u〉 =

1
Vol (Tn)

∫
Tn u dx is the mean value of the function u.

Proof. We first assume that 〈u〉 = 0. Fix positive δ 6 min{n2 ,m−
n
2 }. The proof then follows from the

chain of inequalities:

1
Cm

∥∥∥|u|2p u∥∥∥
m
6 ‖u‖m |u|

2p
L∞ 6 C

′
δ ‖u‖m ‖u‖

p
n
2 +δ ‖u‖

p
n
2−δ
6 C ′δ ‖u‖m ‖u‖

2p− pnm
0 ‖u‖

pn
m
m .

The first inequality follows by multiple application of lemma A1 in appendix. The second inequality is
the Sobolev interpolation for L∞ (see appendix, lemma A2). The latter is just an interpolation of Hs

norms (see appendix, lemma A3). The case 〈u〉 6= 0 follows by applying the full version of lemma A2 for
a function with non-zero mean value and the inequality (a+ b)k 6 2k−1(ak + bk) for k = 2p > 1. Lemma
2.4 is proven. �

We now continue with the proof of theorem 2.2. Since the L2-norm ‖u‖0 6 C0 is bounded for any t > 0
and

∣∣〈u〉∣∣ 6 1√
Vol (Tn)

‖u‖0, we have from lemma 2.4:

∫ T

0

‖u‖1+ pn
m

m + ‖u‖m dt > cν−
1
3 (m−[n2 ]−1−ε), where T = ν−1/3.

Hence, at least one of the following inequalities hold:

ν1/3

∫ ν−1/3

0

‖u‖1+ pn
m

m dt > c
2ν
− 1

3 (m−[n2 ]−2−ε) or ν1/3

∫ ν−1/3

0

‖u‖m dt > c
2ν
− 1

3 (m−[n2 ]−2−ε).
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For α 6 2 we have 1
T

∫ T
0
f2 dt >

(
1
T

∫ T
0
fα dt

) 2
α . Using this fact for f(t) = ‖u(t, ·)‖m with α = 1 + pn

m
and α = 1 we finally get

ν1/3

∫ ν−1/3

0

‖u‖2m dt > c̃ν−
2
3 (m−[n2 ]−2−ε) m

m+pn .

Since ε > 0 is arbitrary, we can set the constant c̃ to be 1 by decreasing νm,ε if necessary. The condition
m > pn is used to ensure that α = 1 + pn

m 6 2. Theorem 2.2 is proven. �

Using theorem 1.1 instead of theorem 2.1 as a basis for theorem 2.2 we can obtain an immediate
improvement (see (2.10)). Indeed, the proof of theorem 2.2 is based on the following chain of inequalities

1
T

∫ T

0

‖u‖2m dt >
( 1
T

∫ T

0

‖u‖1+ pn
m

m dt
) 2
α

>
( 1
T

sup ‖u‖m
) 2
α

(2.7)

where 2
α = 2m

m+pn , and by using these in conjunction with theorem 1.1 we can avoid loss of a power of ν as
we did using inequalities (2.5) and (2.6). Instead of (2.5) we use the following estimate which is sharp in
terms of the powers

|v|L∞ 6 Cn,δ ‖v‖
1/2
n
2−δ
‖v‖1/2n

2 +δ . (2.8)

Here we assume that the mean value of v is zero, see appendix, lemma A2. Applying this to derivatives
v = Dmu we obtain that the inequality

‖u(t?)‖k > Ckν−(k−n/2)/3 (2.9)

can not be violated for both k = m+ n/2− δ and k = m+ n/2 + δ if m > 2. In fact we claim that (2.9)
is true for all sufficiently large real k. Indeed, assuming the opposite, we find sufficiently large k1 and k2

such that k2 − k1 > 2 and
‖u(t?)‖kj < ckjν

−(kj−n/2)/3 j = 1, 2,

where ckj � 1, j = 1, 2 are to be chosen later. By interpolation we find that

‖u(t?)‖k < ckν
−(k−n/2)/3 k ∈ [k1, k2].

Therefore using inequality
[u]Cm 6 C ‖u‖

1/2
m+n

2−δ
‖u‖1/2m+n

2 +δ

for a suitable m such that m+ n
2∓δ ∈ [k1, k2] we find [u]Cm < (small constant)ν−m/3. Choose the constants

ck1 � 1 and ck2 � 1 so that the small constant above is less then the constant in (1.4). The contradiction
obtained with theorem 1.1 proves that (2.9) holds for all sufficiently large k. Summarizing the arguments,
i.e., plugging (2.9) into (2.7) with T = ν−1/3 we conclude that for all sufficiently large real m we have

ν1/3

∫ ν−1/3

0

‖u‖2m dt > Cmν−
2
3 (m−n2−1) m

m+pn . (2.10)

The statement of theorem 1.2 is even stronger. We postpone discussion of time-averaged Sobolev seminorms
till section 4.

3 Proof of theorem 1.1

We start with a technical lemma, from which we then derive the main theorem.

Lemma 3.1. Let u = u(t,x) be a smooth complex valued function that satisfies equation (1.2) with p > 1
in the interior of the domain [0,∞)×[0, `]n.

Suppose that there exists a point x1 ∈ [0, `]n such that

0 < |u(0,x1)| def= a < sup
x∈[0,`]n

|u(0,x)| def= b . (3.1)
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Let σ > 0 be a real number such that the σ-neighborhoods of the numbers a and b do not intersect and do
not contain zero, i.e., σ < a and σ < b−a

2 .
Suppose that the positive real numbers cd and ct satisfy the following inequalities:

nctc
2
d 6 σ, (3.2)

cd < ct

(
(b− σ)2p − (a+ σ)2p

)
(a− σ)

4n`(b+ σ)1/2
, (3.3)

and that ν is small enough to satisfy the following two inequalities:

c2dν
−2/3`2 > 4(b+ σ) , (3.4)

ctν
−1/3

(
(b− σ)2p − (a+ σ)2p

)
>

4n`(b+ σ)1/2cd
a− σ

ν−1/3 +
σ

b− σ
+

σ

a− σ
. (3.5)

Then there exists a time t? ∈ [0, T ], where T = ctν
−1/3, such that

max
j=1,...,n

sup
x∈[0,`]n

∣∣∣∣∣∂2u

∂x2
j

(t?,x)

∣∣∣∣∣ > c2dν−2/3, (3.6)

sup
x∈[0,`]n
t∈[0,t?]

∣∣u(t,x)
∣∣ 6 b+ σ , (3.7)

inf
t∈[0,t?]

osc |u(t, ·)| > b− a− 2σ . (3.8)

Remark 3.2. We briefly discuss the purpose of conditions (3.2)–(3.5). Condition (3.2) is imposed in order
to have the following property: The change in a Lipschitz function with the Lipschitz constant nc2dν

1/3 over
a time interval of length ctν

−1/3 is at most σ. The purpose of (3.3) is to make (3.5) possible. Condition
(3.4) is in order to apply the multiplicative interpolation inequality (A.4). Inequality (3.5) is the main
condition needed to prove the lemma.

Remark 3.3. From (3.2) and (3.3) it follows that cd can be chosen to be continuous in a, b, σ and ct.
From (3.4) and (3.5) it follows that the smallness threshold for ν (the maximal admissible ν) depends
continuously on all other parameters.

Proof (of lemma 3.1). Let x2 be a point at which the supremum in (3.1) is achieved. For simplicity we
assume that x1 and x2 are internal points of the cube [0, `]n. The general case is obtained by a limiting
process. In what follows [x1,x2] denotes the straight line segment joining x1 and x2. Without loss of
generality, we assume that for all points x ∈ [x1,x2] we have |u(0,x)| ∈ [a, b]

(
otherwise we can consider

a subsegment of [x1,x2]
)
.

We proceed by an argument by contradiction. Suppose that (3.6) does not hold, i.e.:∣∣∣∣∣∂2u

∂x2
j

(t,x)

∣∣∣∣∣ < c2dν
−2/3 for all j = 1, . . . , n, t ∈ [0, T ], x ∈ [0, `]n. (3.9)

Then from the equation (1.2) it follows that for t ∈ [0, T ] the function |u| (t,x) is Lipschitz in t with the
Lipschitz constant nc2dν

1/3. Using this and inequality (3.2), we have∣∣|u(0,x)| − |u(t,x)|
∣∣ < σ (3.10)

for all x ∈ [0, `]n and t ∈ [0, T ]. Note that using (3.1) inequality (3.10) implies |u(t,x)| 6 b + σ.
Furthermore, (3.1) and (3.10) imply

a− σ 6 |u(t,x1)| 6 a+ σ and b− σ 6 |u(t,x2)| 6 b+ σ . (3.11)
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By virtue of condition (3.4) we can apply (A.4) to get∣∣∣ ∂u∂xj ∣∣∣ 6 2(b+ σ)1/2cdν
−1/3 for all j = 1, . . . , n, t ∈ [0, T ], x ∈ [0, `]n. (3.12)

The images of the straight line segments
[
(0,x1), (0,x2)

]
and

[
(T,x1), (T,x2)

]
under the map u are curves

in C of length L0 and LT respectively. Using (3.12) we have

max{L0, LT } 6 n`max
∣∣∣ ∂u∂xj ∣∣∣ 6 2n`(b+ σ)1/2cdν

−1/3 . (3.13)

By virtue of (3.10) the image of the rectangle with the vertices (0,x1), (0,x2), (T,x2) and (T,x1) under
the mapping u belongs to the annulus a − σ 6 |u| 6 b + σ and is contractible within the annulus. We
denote the boundary of this rectangle by Γ. Consider the map ϕ̃ : Γ → S1 , ϕ̃(t,x) = |u(t,x)|

u(t,x) . Here
S1 denotes the unit circle: S1 = {z ∈ C : |z| = 1}. Note that the map ϕ̃ is contractible4. The circle S1

can be naturally identified with R/
2πZ and we will write S1 = R/

2πZ . With this in mind the formula for
the map ϕ̃ becomes as follows: ϕ̃(t,x) = arg u(t,x). Let ϕ : Γ → R be the lifting of this map to the real
line R, (see, e.g. [6, p. 133]). Since the map ϕ̃ is contractible, the lifting ϕ exists and is defined up to a
multiple of 2π. On the “vertical” sides of the rectangle Γ (i.e., on the sides parallel to the time axis) we
have the inequality

u2p − |ν∆u|
u 6 ∂ϕ

∂t 6 u
2p + |ν∆u|

u . (3.14)

For the “vertical” sides
[
(0,xi), (T,xi)

]
, i = 1, 2 we assign numbers θi = |ϕ(T,xi) − ϕ(0,xi)|, i = 1, 2.

Inequality (3.14) and bounds (3.11) imply

θ2 > T
(
(b− σ)2p − νnc2dν

−2/3

b−σ

)
and θ1 6 T

(
(a+ σ)2p + νnc2dν

−2/3

a−σ

)
. (3.15)

Similarly for “horizontal” sides
[
(0,x1), (0,x2)

]
and

[
(T,x1), (T,x2)

]
we assign numbers θ0 and θT as

follows: θτ = |ϕ(τ,x1)− ϕ(τ,x2)|, where τ = 0 or τ = T . Since the image of Γ under the map u belongs
to {z ∈ C : |z| > a− σ} we have: θ0 + θT 6

L0+LT
a−σ . Therefore, applying (3.13) we conclude that

θ0 + θT 6 2 2n`(b+σ)1/2cdν
−1/3

a−σ . (3.16)

Now we employ (3.15) and (3.16) to deduce from the triangle inequality θ2 6 θ1 + θ0 + θT the following
inequality:

ctν
−1/3

(
(b− σ)2p − nc2dν

1/3

b−σ

)
6 ctν

−1/3
(
(a+ σ)2p + nc2dν

1/3

a−σ

)
+ 4n`(b+σ)1/2cdν

−1/3

a−σ . (3.17)

Accounting for (3.2), this inequality contradicts inequality (3.5). We set t? to be the first moment of time
when inequality (3.6) holds. Then inequality (3.10) is satisfied for x ∈ [0, `]n and t ∈ [0, t?], and we arrive
at (3.7) and (3.8). �

Proof of theorem 1.1. Find a suitable cube in Ω and apply lemma 3.1. Since the maximum of u is
bounded at t?, but the second derivative is large, we can employ the interpolation inequalities for the
classical Cm-seminorms (see, e.g. [7]) to get (1.4) from (3.7) and (3.6). Finally, the continuity of the
constants Cm and ν′ follows since they can be constructed explicitly, see remark 3.3. �

4 Time-averaged Sobolev norms

In this section we prove theorem 1.2. On the space of `-periodic functions

u(t,x) = u(t, x1, . . . , xj + `, . . . , xn) (4.1)

4Topologically ϕ̃ is a map from a circle into a circle. Contractibility essentially means that if the argument completes
a full loop in Γ its image doesn’t complete any full loop in S1. In other words the positive movements of the image are
compensated for by the negative movements.
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we consider the family of (semi-) norms

‖u‖2k =
∫

[0,`]n
u (−∆)kū dnx =

∑
|α|=k

(|α|
α

)∣∣Dαu
∣∣2
L2([0,`]n)

. (4.2)

Here
(|α|
α

)
=
( |α|
α1,...,αn

)
= (α1+···+αn)!

α1! ···αn! , the coefficients in the generalized binomial equation:

(x1 + x2 + . . .+ xn)k =
∑
|α|=k

(
k
α

)
xα ,

and we note that
∑
|α|=k

(
k
α

)
= nk.

Lemma 4.1. Let u be an `-periodic solution of equation (1.2). Then for any time t we have:

1
2

d
dt
‖u‖2k 6 −ν(Im z)‖u‖2k+1 + Ck,p,n|u|2pL∞‖u‖

2
k. (4.3)

One can take Ck,p,n = 4k
2
(2p+ 1)knk.

Proof. We multiply the equation (1.2) by i(−∆)kū, integrate over the period [0, `]n and take the real
part to get

1
2

d
dt
‖u‖2k = −ν(Im z)‖u‖2k+1 + <

∫
[0,`]n

i|u|2pu(−∆)kū dnx . (4.4)

For brevity we will omit the domain of integration [0, `]n from the integral sign. To complete proof of the
lemma, we need to prove the inequality∣∣∣∫ |u|2pu(−∆)kū dnx

∣∣∣ 6 Ck,p,n|u|2pL∞ ∫ u(−∆)kūdx. (4.5)

Integrating the left hand side of this by parts k times, we obtain∫
|u|2pu

∑
∂2

∂x2
j1
· · · ∂2

∂x2
jk

ūdx = (−1)k
∫ ∑

∂
∂xj1
· · · ∂

∂xjk
(upūpu) ∂

∂xj1
· · · ∂

∂xjk
ūdx. (4.6)

Both the right hand side and the left hand side contain nk terms. Now we use the formula for differentiating
the product

∂
∂xj1
· · · ∂

∂xjk
(v1v2 · · · v2p+1) =

∑
β1+···+β2p+1=(1,...,1)

2p+1∏
l=1

(
∂

∂xj1
, . . . , ∂

∂xjk

)βl
vl.

Here βl are k-dimensional multi-indexes and the dimension of (1, . . . , 1) is also k. The sum in the r.h.s.
contains (2p + 1)k terms. Hence the right-hand side of (4.6) can be represented as a sum of (2p + 1)knk

terms, each of them of the form ∫
Dα1v1 · · ·Dα2p+1v2p+1D

αv2p+2 dx, (4.7)

where |α| = k and α1 + · · ·+α2p+1 = α; vl = u for odd l and vl = ū for even l. Using the Hölder inequality
we estimate the absolute value of (4.7) as:

∣∣∣∫ Dα1v1 · · ·Dα2p+1v2p+1D
αv2p+2 dx

∣∣∣ 6 (2p+1∏
l=1

|Dαlvl|L 2k
|αl|

)
|Dαv2p+2|L2

= A .

Using the Gagliardo-Nirenberg inequality (see [5], pp. 106-107)

|Dαlvl|L 2k
|αl|

6 4|αl|(k−|αl|)|vl|
1− |αl|k
L∞

‖vl‖
|αl|
k

k ,
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we obtain

A 6
(2p+1∏
l=1

4|αl|(k−|αl|)|vl|
1− |αl|k
L∞

‖vl‖
|αl|
k

k

)
‖v2p+2‖k 6 4k

2
|u|2pL∞‖u‖

2
k .

To obtain the last inequality we used the simple inequality |αl|(k−|αl|) 6 |αl|k and the fact that
∑
|αl| = k.

We arrive at (4.5) with Ck,p,n = 4k
2
(2p+ 1)knk, so the lemma 4.1 is proven. �

Using (2.9), for all sufficiently large k, we have the following estimate:

‖u(t?, ·)‖2k > c
′′
k

(
1
ν

) 2
3 (k−n2 )

, (4.8)

where c′′k are ν-independent constants.

Suppose, that Im z > 0; then using the fact that |u(t)|L∞ remains bounded for t ∈ [0, t?] (see theorem
1.1) we derive from (4.3) the following inequality:

d
dt‖u‖

2
k 6 c

′‖u‖2k for all t ∈ [0, t?].

From this it follows that∫ T

0

‖u‖2k dt >
∫ t?

0

‖u‖2k dt > 1
c′

∫ t?

0

d
dt‖u‖

2
k dt > c′′k

c′

(
1
ν

) 2
3 (k−n2 ) − 1

c′ ‖u0‖2k.

We conclude from this that for all large enough k, and for small enough ν we have

1
T

∫ T

0

‖u‖2k dt > C ′k
(

1
ν

) 2
3 (k−n2 )− 1

3 . (4.9)

Here T = ctν
1/3; ct and C ′k are ν-independent constants. The value ct can be chosen to be 1 (see

theorem 1.1). This proves theorem 1.2.

Appendix.

For a smooth function f defined on an n-dimensional torus Tn = Rn/(`Z)n we define the Hm Sobolev
seminorm as follows:

‖f‖2m =
∫

((−∆)mf)f̄ dx =
∑
|α|=m

(|α|
α

)
|Dαf |2L2 =

n∑
j1,...,jm=1

∣∣ ∂mf
∂xj1 ···∂xjm

∣∣2
L2 .

Here
(|α|
α

)
= |α|!

α1!···αn! . Note that
∑
|α|=m

(|α|
α

)
= nm. In the following lemma we prove a Moser inequality

with the constant nm4m
2
.

Lemma A1. Let f and g be smooth functions, defined on an n-dimensional torus. Let m > 0. Then

‖fg‖m 6 n
m4m

2
(|f |L∞ ‖g‖m + ‖f‖m |g|L∞).

Proof. It is sufficient to estimate every term of the form
∣∣ ∂m(fg)
∂xj1 ···∂xjm

∣∣
L2 . We note that there are nm of them.

Using the Leibniz rule for differentiating products we find that it is sufficient to estimate
∣∣(Dαf)(Dβg)

∣∣
L2

for any multi-indexes α and β such that |α + β| = m. We note that for any multi-index γ with |γ| = m
the Leibniz expansion of Dγ(fg) has 2m many terms of the form (Dαf)(Dβg) with α+ β = γ. Applying
the Hölder inequality we obtain∣∣(Dαf)(Dβg)

∣∣
L2 6 |(Dαf)|

L
2m
|α|

∣∣(Dβg)
∣∣
L

2m
|β|

.
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Next we use Gagliardo-Nirenberg inequality [5, pp.106-107]

|(Dαf)|
L

2m
|α|
6 4|α|(m−|α|) |f |1−

|α|
m

L∞ ‖f‖
|α|
m
m

to obtain
|(Dαf)|

L
2m
|α|

∣∣(Dβg)
∣∣
L

2m
|β|
6 4m

2−|α|2−|β|2(|f |L∞ ‖g‖m)
|β|
m (|g|L∞ ‖f‖m)

|α|
m .

Using the inequality AsB1−s 6 sA+ (1− s)B 6 A+B we arrive at∣∣(Dαf)(Dβg)
∣∣
L2 6 4m

2−|α|2−|β|2 (|f |L∞ ‖g‖m + |g|L∞ ‖f‖m) .

Finally, using |α|2 + |β|2 > |α| + |β| = m, we have 2mnm4m
2−|α|2−|β|2 6 2mnm4m

2−m 6 nm4m
2
. The

lemma is proven. �

Lemma A2. For any positive δ and for any smooth function u defined on the torus Tn = Rn/(`Zn) we
have

|u|L∞ 6 Cn,δ ‖u‖
1/2
n
2−δ
‖u‖1/2n

2 +δ +
∣∣〈u〉∣∣, (A.1)

where 〈u〉 = 1
Vol Tn

∫
Tn u(x) dx is the mean value of the function u. The constant Cn,δ does not depend on

u or the size ` of the torus Tn.
Proof. Consider the Fourier decomposition u(x) =

∑
k∈Zn ûk exp( 2πik·x

` ). Without loss of generality we
assume 〈u〉 = û0 = 0. Fix any positive real number r we have

|u|L∞ 6
∑

k∈Zn\{0}

|ûk| =
∑

0<|k|6r

|ûk|+
∑
|k|>r

|ûk| =

=
∑

0<|k|6r

|k|−
n
2 +δ |k|

n
2−δ |ûk| +

∑
|k|>r

|k|−
n
2−δ |k|

n
2 +δ |ûk| 6

6
( ∑
0<|k|6r

|k|−n+2δ
) 1

2
( ∑
0<|k|6r

|k|n−2δ |ûk|2
) 1

2
+
(∑
|k|>r

|k|−n−2δ
) 1

2
(∑
|k|>r

|k|n+2δ |ûk|2
) 1

2
.

Denote ψ1(r) =
(∑

0<|k|6r |k|
−n+2δ) 1

2 and ψ2(r) =
(∑
|k|>r |k|

−n−2δ) 1
2 . Then for any r > 0 we have

|u|L∞ 6 (2π)−n/2
(
ψ1(r) ‖u‖n

2−δ
(

2π
`

)δ + ψ2(r) ‖u‖n
2 +δ

(
2π
`

)−δ)
.

We claim that there exist two positive constants C ′n,δ and C ′′n,δ such that

ψ1(r) 6 C ′n,δr
δ and ψ2(r) 6 C ′′n,δr

−δ. (A.2)

To prove this claim we first, using integral bounds for sums, establish (A.2) asymptotically as r →∞, i.e.
for r > R for large enough R. Second, we note that ψ2 is bounded and ψ1 is equal to zero for r < 1. Thus
we obtain

|u|L∞ 6 (2π)−n/2
(
C ′ ‖u‖n

2−δ
(
r 2π
`

)δ + C ′′ ‖u‖n
2 +δ

(
r 2π
`

)−δ)
.

Now taking r to satisfy
(
r 2π
`

)δ =
√
C ′′ ‖u‖n

2 +δ /(C ′ ‖u‖n2−δ) we arrive at (A.1). �

Lemma A3. For fixed f the function m 7→ ‖f‖m is log-convex.
Proof. Consider the Fourier representation f(x) =

∑
k∈Zn f̂k exp( 2πik·x

` ), then

‖f‖2m = `n
(

2π
`

)2m ∑
k∈Zn

|k|2m|f̂k|2.

It is sufficient to prove that the map m 7→
∑
|k|2m|f̂k|2 is log-convex. This follows from the Hölder

inequality,∑
|k|2(sm1+(1−s)m2)|f̂k|2 =

∑
(|k|2m1 |f̂k|2)s(|k|2m2 |f̂k|2)1−s 6

(∑
|k|2m1 |f̂k|2

)s(∑ |k|2m2 |f̂k|2
)1−s

.
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Here s ∈ [0, 1]. �

Lemma A4. Let u be a C2-smooth complex valued function defined on the interval [0, `]. Let M0 and M2

be positive real numbers such that [u]0 6M0 and [u]2 6M2. Then we have

[u]1 6
2M0
` + `M2

2 if `2 6 4M0
M2

, (A.3)

[u]1 6 2M1/2
0 M

1/2
2 if `2 > 4M0

M2
. (A.4)

Proof. We can reduce the lemma to the real case by considering the function v = Re{eiθu} for appropriate
θ. The lemma is scale invariant, so without loss of generality, we consider M0 = M2 = 1. The proof then
follows by consideration of piecewise quadratic functions and the extreme case ` = 2 and u(x) = x2/2− 1.

�
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The following theorem have been removed from the final publication.

5 Removed theorem.

To illustrate the explicit constants mentioned in the introduction, we consider the case of functions u that
satisfy periodic boundary conditions, i.e., for any j = 1, . . . , n we have:

u(t,x) = u(t, x1, . . . , xj , . . . , xn) = u(t, x1, . . . , xj + `, . . . , xn) . (5.1)

We will also use a technical assumption that u takes the value zero at some point initially. This assumption
is satisfied for example, in the odd-periodic case.

Theorem 5.1. Let u be a periodic solution of equation (1.2), such that u0 takes value zero. Let

cd = (42p−32p)1/3

2n2/3`1/352p/3+1/261/6 |u0|2p/3+1/2 and ct = 4(6n`254p)1/3

(42p−32p)2/3|u0|4p/3
. (5.2)

Suppose that
ν < (42p−32p)`2

2304n252p |u0|2p; (5.3)

then there exists t? ∈ [0, T ], where T = ctν
−1/3 such that for any k > 2 we have

max
j=1,...,n

sup
x∈[0,`]n

∣∣∣∣∣∂ku∂xkj
(t?,x)

∣∣∣∣∣ > 1√
3

ckdν
−k/3(

6
5 |u0|L∞

) k−2
2

. (5.4)

sup
x∈[0,`]n
t∈[0,t?]

∣∣u(t?,x)
∣∣ 6 6

5
|u0| . (5.5)

Proof. By continuity, |u0(x)| takes all values between zero and max |u0|. We set b = |u0|, a = 2
5 |u0|,

σ = 1
5 |u0| and use lemma 3.1. The estimate (5.5) follows immediately. The estimate (5.4) is obtained by

the extrapolation of (3.6) and (5.5), using the interpolation inequality |f (l)|L∞(R) 6 Cl,k|f |
1−l/k
L∞(R)|f

(k)|l/kL∞(R)

(see [7]) with l = 2 and
f(x) = u(t?, x̃1, . . . , x̃j−1, x, x̃j+1, . . . , x̃n),

where j is the index of the derivative and (x̃1, . . . , x̃n) is the point where supremum in (3.6) is achieved.
We also used the inequality Ck/22,k 6

√
3 which follows from the explicit values for the constants Cl,k given

in [7] . �
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