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Abstract. We consider the Cauchy problem for a multidimensional Burgers type equation with
periodic boundary conditions. We obtain upper and lower bounds for derivatives of solutions
for this equation in terms of powers of the viscosity and discuss how these estimates relate to the
Kolmogorov-Obukhov spectral law. Next we use the estimates obtained to get certain bounds
for derivatives of solutions of the Navier-Stokes system.
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1 Introduction

We study the dynamics of m-dimensional vector field w = w(t,z) on the n-dimensional torus
T = ¥/ ). described by the equation

dru+ Vi, )u:VAu+h(t,:c). (1.1)

Here v is a positive parameter (“the viscosity”), f : R™ — R™ is a smooth map, h is a smooth
forcing term and Vg (y) is the derivative along the vector f(u), i.e., Vp u = (f(u) - V)u.

If m =n and f(u) = u, we have the usual forced Burgers equat1on In a potential case (i.e., if
the initial state uo(x) = ©(0, ) and the field h are gradients of some functions) this equation can
be reduced to a linear parabolic equation.

As it is shown in [1], [12], appropriate bounds for derivatives imply estimates for averaged spectral
characteristics of the flow. The purpose of this work is to obtain such bounds for solutions of the
Cauchy problem for the generalised m-n multidimensional Burgers equation (1.1).

We describe notations used in this article. If v is a vector in R®, Z® or C*, then |v| denotes
its Euclidean (Hermitian) norm |v|*> = P lvi|2. If we have to stress the dimension, we denote
the norm in R® as |v|g., etc. By B(r) we denote the ball of radius r centered at the origin. If
A :R% — R*®2 is a linear map then ||A|| denotes the operator-norm of this map associated with the
Euclidean norms | - | on R®! and R*2. If v = v(x), then we write

lv] = sgp lv(x)| = sgp (Z |Ui(:1:)|2)1/2 ) (1.2)

Sometimes we will denote this norm by |- |1 . If v = v(¢, ), then |v| = sup,, |v(¢, )| is a function
of t. For a multi-index o we denote |a| =Y |ay].
We set

H(t) = /o sup |h(T,x)|gm dT . (1.3)

xzeT™
We also denote

[£ler(ry = max (Z‘W fil )1/2, (1.4)

|Bl=Fk {ueRm |u|<7‘}

and
m m

Jlly = Anzux—A)kuidw:ZZ(‘3'>|Daui\im DIDPRIE . o raeye (19)
i=1

i=1 |a|=k =1 j1,..,jk=1

| ) = (aattan)l 16 coefficients in the generalised

ey QU a! - ap!

Here k > 0 is an integer and (‘o‘l) = <a1
binomial expansion (21 +xa+...+z,)* = >l =k (a)m I u = u(t,x), then |jully = |u(t, )], is
a function of ¢.

Our main results are stated in the following two theorems, where w(t,x), ¢t > 0, is any smooth
solution for the equation (1.1):
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Theorem 1. Forany k >0,t >0, and v > 0 we have

woll,  supgo,o IRl
u(t, ), < Ri(#) max{jlm Juoll 20pie.0lhl, } . (1.6)

Here ||h||_; =0, Ro(t) = (luo] + H(t))f/2 and
S k n2
Ret) = (14 Conn_ 0% ([l a1y (ol + H(0)) (ol + H)0

where the constant C . depends on k, m, n only.

Definition 1. The vector field ug is degenerate with respect to equation (1.1) if the matriz af(uo)
(this is an n X n matriz, which depends on x) is everywhere nilpotent, i.e., for each point x some
power of this matrix is equal to 0.

Theorem 2. Suppose that the initial state ug is a non-degenerate vector field. Then there exist
v-independent positive real constants T, ¢ and ro, r3, 14, ... Such that:
If H(T) < § then Vv > 0 and Vk > 2, we have:

1 /7
s ) s

The constants T, ¢, ry, r3,...depend on the non-degeneracy of the initial state wgy in quite
complicated way (see (3.11), (3.16), (3.19), and (3.33)). The nearer is ug to set of degenerate vector
functions, the bigger is T and the smaller are c, 79, 73,.... If ug = Mg and A — 0, then T oc A7 !,
i o A¥/2 ¢ does not depend on \.

In section 3 we give an example of a degenerate non-constant initial state for which derivatives of
the solution are bounded by v-independent constants for all ¢ > 0. Moreover, for the two dimensional
case (m = n = 2) and for f(u) = u, h = 0 we show that any solution with a degenerate initial
state retains bounded derivatives. This fact is based on a result from the classical geometry due to
Pogorelov — Hartman — Nirenberg, known as the “Cylinder Theorem”. In section 3 we show that in
the case m = n and f(u) = u, any non-constant potential initial state is non-degenerate.

The exponents of viscosity v in inequalities (1.6) and (1.7) are not sharp. In the one-dimensional
case (m = n = 1) sharp values for the exponents can be obtained. Namely, it is shown in [1] that
for k > 1 we have

Tk

(1.7)

ou ;. x)’Rm dt > .

A 1 [T Y VA
fulle < G (1) (3 [ Tultar) " > e ()

As a consequence of these inequalities one can get bounds for magnitudes of the derivatives:

dFu Cr 7/
L \ )

dzk
The first inequality for £ = 0 follows by the maximum prlnClple and for £ > 1 — by the inequality

/
s Sk
/

dmk vk’

[v|Lo, |v|1/ 2\1JI|1L/2 * which holds for any periodic function v with zero meanvalue, see [1], sect. 3.
To derlve the second inequality (see [1] and formula (3.7) there) we use the well-known fact that
for periodic solutions of 1D Burgers-type equations the quantity ‘ u | L, is bounded uniformly in ¢
(see e.g. the appendix in [1]). Then for £ = 1 the second estimate follovvb by the Holder inequality
|ug;|2L2 < |uglp_ [uely,, while for k > 1 it follows by interpolation with the upper bound for k£ = 0.

This article is organised as follows. In section 2 we prove the upper estimates (1.6) (theorem 1).
Section 3 is devoted to proving the lower bounds (1.7) (theorem 2). In section 4 we obtain some
results on behaviour of Fourier coefficients of solutions that can be extracted from the bounds (1.6)
and (1.7). Assuming that there is a Kolmogorov—Obukhov type spectral asymptotics for the Fourier
coefficients of solutions of (1.1), we get bounds for the exponents of the spectral law and for the
Kolmogorov dissipation scale. In section 5, treating the Navier-Stokes system as a partial case of
(1.1), we derive lower bounds for derivatives of its solutions.

The author is grateful to Professor S. Kuksin for constant attention to this work.
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2 Upper estimates

In this section we prove theorem 1. The componentwise representation of (1.1) is

%ui +ij(u1,...,um)27 =vAu; + hi(t,x1, ..., x,), (2.1)
j=1

where i =1,...,m.

Lemma 1. Let T and v be any positive numbers. Let v = v(t,x) be a continuous function on
[0, T] x T™ with the continuous derivatives v, vy, and Vg, for any j =1,...,n. Let V; = V;(t,x),
j=1,...,n and g = g(t,x) be continuous functions on [0,T] x T™. Suppose that on [0,T] x T™ we
have the following partial differential inequality:

vt+2%§; vAv +g(t, 1, ..., 2n).

Then for any (t,z) € [0,T] x T™ we have

t
ta < 07 ’ dr.
v(t, ) gggv( y)+/0 ggggﬁ y)dr

Proof. Making the substitution v(¢,x) = 9(¢, ) + q(t), where ¢:[0,7] — R is a function such that
¢'(t) = maxyern g(t,y), we reduce this lemma to the case g = 0. Now the statement of the lemma
becomes a classic maximum principle, see e.g. [4]. (I

Applying this lemma for v(t,x) = > a;u;(t, ) and g(t,x) = >_ a;h;(t,x) with appropriate unit

vector a € R™ we obtain
lu(t, )| < |uol + H(2). (2.2)

Here the norm |-| is defined by (1.2) and H(¢) is defined by (1.3).
Since |lul|, < €72 |u|, we have

(e, )llo < €7 (Juo| + H(1)) - (2.3)

This proves (1.6) for k = 0. Next, we multiply (2.1) by (—A)*u;, take the sum over i = 1,...,m,
and integrate over the period (over the torus):

3 arlullf = 0(F,u, (~A) u) = —vlullf, + 715 .

Here we denote

b(f,u,v) / Z fi g"’ v dex . (2.4)

1

and

15:/ Z hi(— uldw

Lemma 2. For the functional b introduced above we have
b(f (w), w,w) < [Fleo(uy llully [[ul (2.5)

b(f (w), u, (=A)u) < [f]co(u)) lully lully, (2.6)

and for any k > 2 we have

b(F (), (—) ) < Crman s ([l agy 0lsHlul lul (27)
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Proof. First we prove a general inequality on b(-, -, -):

b(f, w, ) < [f][ully vl (2.8)

where | f| = sup(zyzl sz)l/2 and the norms || - ||s are defined in (1.5). Up to a constant factor this
inequality is obvious. Below we show that for the chosen norm the constant is equal to 1. By the
definition (2.4) of b(,-,-) and the Cauchy-Schwartz inequality we have

ol f(52)" (S5 te)) s
=t j=1 i=

now we again use the Cauchy-Schwartz inequality (3 a;b;)% < (3 a?)(3_ b?) to continue as follows:

m

<I#1 (o) () e =11 [ (o)) () e <

i=1 Jj=11i=1 =1

<1 / (/32 @am)™ ([ S otar)™ = st ol

Jj=11i=1
The inequality (2.8) and therefore (2.5) are proved. Using |Aul|o = ||u||2z we arrive at (2.6).
Consider the case k > 2. By (2.4) we have

k k 1 Ou; 2 2
b(f,u, (—A)"u) = / E E f]o ULy .oy U )3;].0 di;" daT;zuz dz.
i1 ik

Je=11=1

1/2

Integrating by parts & — 1 times we obtain

n m
Ko\ — o 0 Ou; | _0 o &
b(f,u, (—A)"u) _/ Z Z Dy, By, (fjo(“l""vum)azo)amh " Bay,, a7 da.

Jo,--je=11=1

: S 2 > 2
Using the identity [[ull,, = [ > S (=1 % e 33?271 ai—iui) dx we get

Jir--odk—1=1,...,n

m

bt (Al < ([ S (o ) 25)) )l

Jos--sjk—1=11i=1

Now to prove the lemma it suffices to verify the inequality

/

(Indeed, (2.9) implies (2.7) with Ci pm.n = (mnkil)l/zC{c,mm.) Expanding the brackets in (2.9) we
get no more than (m+ 1)(m +2)---(m+ k — 1) terms of the form

9 o) ou; s
5 (fio ) 22) | < G g {(fleequp luli Hlul,. (29)

.....

Qg Qy [E3Ye]
/ D,ﬁfJODw usz Uiy Dm‘ ‘ui|5|dw7
’]I‘TI,

where |ag| + |y [+ -+ + |5 | = k and the indexes i (where s = 1,....|3[) vary between 1 and m.
The modulus of this integral is not bigger than

g | | ay | | gl ’
)|Dm Uilp, Dy ugy Dy, Wi |,

@ (3 (3
oo oy o611

A= ’D’lﬁlffj0|Loo(B(\u\) L oo

Here B(r) denotes the ball in R™ of radius r in the Euclidean norm, centered at the origin. Using
the Gagliardo-Nirenberg inequality (see [9], pp. 106-107)

Xs o). laes|(k—las])
|Dac uls‘L 2%k < 4 U
fas]

s

i LOOT [Jwi, ||k;k )
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and the inequality Z‘Sﬂo(|as|k‘ —|as]?) < leﬁzlo(\asm — |as|) = k? — k we obtain
2k B
A < 4F k|D§fj|Lm(}3(|u|))‘U‘||L°|o [l -

Now using the fact that left hand side of (2.9) < (m+1)--- (m + k — 1) max{2}, we arrive at (2.9)
w1tthmn—4k Fm+1D)(m+2)--(m+k—1). O
Corollary 1. For k£ > 1 we have:

b(f(u), u, (—A) u) < Bi(t) |ull, ully
where By, (t) = Chnn 10X {[Floe (gl m(ry) (00| + H (1))}

Integrating T4 by parts, we obtain T5 < ||h]|,_; [[ull,,, So we have

3 Ml < gy (v llullpy + Bi(®) full + IR,y -

1/k
Now using the interpolation inequality in the form |lu||,,, > [|ul, (”uu’“) , we have
0

u 1/k
il < s (e (—o () + B) + bl ).
It follows from this relation that

S (B 1" el

if [|ul|, and [Ju||,, > ||h||,_,, then ||ul, is decreasing. (2.10)

We denote the right hand side of (1.6) by Fj(t). It is clear from the definition of the function Fj
that

[[(0, )l < Fi(0)-
Using (2.3) we see that if ||u||, > Fy(t) then ||u||, is decreasing by argument (2.10). Since Fj(t) is

a non-decreasing function we obtain that |lu||, never can be greater than Fj(t). We arrive at (1.6).
Theorem 1 is proven.

3 Lower estimates

In this section we prove theorem 2. Throughout this section we use standard facts from linear
algebra about linear transformations. For the convenience of the reader we very briefly outline the
proofs. See reference [7], for an elegant, coordinate free presentation. We start from brief discussing
of the notion of the degeneracy of a vector field.

3.1 Degeneracy condition

Using the fact that an n x n matrix A is nilpotent iff A™ = 0, we can give a definition of degeneracy
that is equivalent to the previous one, but more robust.

n
Definition 2. The vector field ug is degenerate iff (W) =0.
Let f(z) = f(uo(x)). Consider the characteristic polynomial of the matrix g—i:

Xz(\) = det( — A1) = (=N)"+ (=N)""L(z) + o+ Ly ().

Expanding the determinant, we obtain

afi, 0fi;
iy 7T Oy

@)= 3 det| oo (3.1)
1<i1<io< - <ip <N Bfik af_z‘k

61}11 e 81'1'k
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ofi
611j
numbers. From the Hamilton-Cayley identity (any matrix is a root of its characteristic polynomial)

Using the Jordan form of the matrix we see that if 52 () is nilpotent then all I;(x) are zero

we get the converse. Thus we have that the matrix §£ () is nilpotent iff I () =--- = I,(x) = 0.

J

We got another equivalent definition of degeneracy which we will use subsequently:
Definition 3. The vector field ugy is degenerate iff Ix(x) =0 for all k € {1,...,n}.
We also note that if m < n, then the matrix gf’{ has rank < m, so for k € [m + 1,n] we have
J
I (x) = 0.

Lemma 3. For each k=1,...,n we have an In(x)dz =0 .

Proof. We need to show that

/ det (8L (x) + A1)da = (1) (3.2)

Since both the left hand side and the right hand side are polynomials in A, it is sufficient to prove

this equality for all integer \. We write gf L(x)+ A1 = %—'i’, where the vector valued function ¥ is
J

defined by the formula ¥(x) = f(x) + A\x. Since A is an integer, then this function defines a map
from T" to T". Since ¥ is homotopic to the map x +— Az on torus T" (a homotopy is given by
W, (x) = tf(x) + A\zx), we have deg ¥ = deg{x — Az} and hence deg ¥ = \". Using the formula

/n det %—‘;’dm = deg W - dx
(see [3], II, chpt. 3) we arrive at (3.2) (since [, dz = (™). O

It follows that any potential degenerate initial state is constant. Indeed, if f(ug) = VU then
the function U : R™ — R necessarily has no more than linear growth (because f(uo(x)) is periodic)
and is also a harmonic function (because AU (x) = div f(uo(x)) = I1(x) = 0); so U(x) = Bx + ¢
where B and c are a constant matrix and a constant vector, respectively.

Consider the case n = 2, i.e., dimx = 2.

Theorem 3. Let n=2. Then the vector field ug is degenerate iff there exist a function pg: R — R
and real numbers by, ba, c1, and co such that

{f(uo(:c))}l = bapo(brx1 + baw2) + c1,
{f(uo(w))}2 —b1po (b1 + bawa) + ca.

Proof. The sufficiency is trivial. Indeed, if the vector field f(ug(x)) has the form (3.3), then the

Jacobi matrix
(8f1(u0)/8x1 8f1(u0)/8x2) _ <b1b2906 b%(pé )

(3.3)

afg(’u,())/al‘l 8f2(u0)/6:c2 —b%(p() —b2b1<p6

is nilpotent.

Necessity. Let ¢; and co be the mean values of fi(ug(x)) and fa(ug(x)), respectively. Since
div f(uo(x)) = 0, there exists a function ¢ : R? — R such that rot¢ = f(ug(x)) — (g;), where
roty = (_gi;ng). We note that the function 1 (z1,xs) is T2-periodic, and hence bounded. Since
the determinant of the Jacobi matrix of f(ug(x)) is zero, we have that determinant of the Hessian
of v is zero. Consider the graph of the function 1 in R3. The Gaussian curvature of this surface is

given by the formula (see [3], I, chpt. 2)

(YY)
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Therefore, K = 0. Now we use the fact that any complete surface of constant zero Gaussian
curvature is a cylinder over a flat curve (see [13]; [14], chpt. 5). Since the function v is bounded,
every generator of this cylinder is a horizontal line, hence it’s equation can be written in the form

bix1 + boxo = const,
z = Y(const).

We conclude that y
Y(xy,22) = P(bixy + baxa)

and (3.3) follows with @g = 1. O
Corollary 2. Suppose, m =n =2, f(u) = u, and h = 0; then the solution of the Cauchy problem
(1.1), (3.3) remains of the form (3.3):

b
u(t,x) = (—bj) o(t,byz1 + boxa) + (2)

where the function ¢ satisfies the following equation
i+ (bier = baca) = (0 + b3)ve".

In this case we have v-independent upper bounds for derivatives of the solution.

Further on we shall use the polynomial

Pa(t) = t"Xa(FH) = det (8 + 254) = 1+ (@)t + L(@)t + - + L (x)t", (3.4)

rather than a characteristic polynomial.

3.2 General idea

In this subsection we present an auxiliary theorem from which we then derive theorem 2. This
auxiliary theorem is technically complicated. Here we deal mainly with general ideas, and postpone
the technicalities to the next subsection.

We denote the right hand side of (2.1) by g;:

%ui + ij(ul, e 7um)gzj_ =gi(t,x1,...,Tn). (3.5)
j=1

Theorem 4. Let f: R™ — R" be a C'-smooth map and let ug: T" — R™ be a C*-smooth vector
field.

1) If ug is non-degenerate, then there exist T = T(f,ug) < 0o and ¢ = ¢(f,ug) > 0 such that
for any C-smooth vector field w: [0,T] x T™ — R™ such that u(0, ) = uo(x) we have

T
/ sup |g(7, x)|dT = ¢, (3.6)
0

xcT™

where g is given by (3.5).
2) If ug is degenerate, then there is a C-smooth vector field w: [0,4+00) x T" — R™ such that
u(0, ) = uo(x) and ¢;(t,z) = 0.

Proof. 1) Without loss of generality it can be assumed that w(t, ) is defined for all ¢ > 0. Consider
the flow on the cylinder T™ x [0, 00) generated by the vector field f(u). In other words we consider
the Cauchy problem

5(8,€) = F(u(t,~(t,€)))
with the initial state v(0, &) = &€. Here £ is the Lagrange coordinate of the flow ~.
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For any fixed time ¢t we have a map ~(¢,-) : T® — T™. Since ~(t,-) is a continuous family of
diffeomorphisms, equal identity for ¢ = 0, then its Jacobian is everywhere positive.
Combining the chain rule and (3.5), we obtain

Sty (t,€) = g(t.7(t.€)).
Suppose g(-) = 0; then f(u(t,v(t,£))) = F(w(0,7(0,£))) and ¥(t, &) = v°(t,£), where
2O(1,€) = €+ 1f (uo(€) (37

It follows that if the function g is small, then the flow ~(t,€) is close (in the C°-norm) to the
map (3.7). For a detailed proof of this fact, we refer to the next subsection. For the time being we
simply note that this is a consequence of the following inequality:

lut, (1, €)) — u(0,7(0,£))| < / sup |g(r,@)|dr .

xcT™

Since for each k = 1,...,n, we have [1,. I;(x)dx = 0 (see lemma 3) and since some of the I}, are

not identically zero (due to the non-degeneracy of ug), we obtain that there exists a point =* € T
and a number [ € [1,...,n] such that I;(x*) < 0 and I(z*) =0 for k > [.

The Jacobian of (3.7) is expressed by polynomial (3.4). For the time ¢t = T at the point & = x*,
we have

0
det (%‘t ) =Por(T) = 14+ L(a*)T + L(2*)T? + - + L (2*)T" .
g=a*

We take large enough time T such that this Jacobian is negative. Suppose that

T
/ sup |g(7, x)|dr < ¢,
0

zcT”

where c is a small enough number; then the map ~(7T, -) is close to the map ~°(T, -) with a negative
Jacobian at the point &*. Taking ¢ small enough we have a contradiction with the positivity of the
Jacobian of the map (7, -). (See the next part of this section for more details).

2) Consider the map (3.7). For any fixed t we have a (C'-smooth) map ~°(¢,-): T* — T". We
note that this map is a (C'-smooth) diffeomorphism of the torus T™ iff the Jacobian of v°(t,-) is
everywhere positive. Indeed, if this map is a diffeomorphism, then the Jacobian is not vanishing,
hence it has the same sign for all points, and this sign is positive since the map is homotopic to
the identity map. If the Jacobian is everywhere positive then by the inverse function theorem we
have that v°(t,) is a (local) diffeomorphism in a neighbourhood of any point. Since the Jacobian
is everywhere positive, the number of preimages of any point z is finite and equals the degree of the
map. (see [3], II, chpt. 3). On the other hand, the degree of the map ~°(¢,-) is equal to 1, since
this map is homotopic to the identical map v°(0,-). (see [3], II, chpt. 3). Hence each point z has a
unique pre-image (v%)71(¢, 2).

The Jacobian of the map 4°(¢,-) at a point @ is expressed by the polynomial (3.4):

(%) = Pa(t)

If ug is degenerate then P, (t) = 1. Hence the vector field
u(t, ) = uo((v°) 7' (t, @)

is well defined and satisfies 0;u + Vf(u)u = 0 as the second part of theorem 4 states. ([
Let us turn to the proof of the theorem 2. Let u satisfies equation (1.1). Suppose that H(t) < §,
where H(t) is defined by (1.3); then we obtain
T c
/ sup |vAu(r, x)|dr > —.
0 xeTn 2
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Hence we have inequality (1.7) for k& = 2 with the constant 72 = 555. We now fix the index j to the
value for which the maximum in (1.7) for k = 2 is achieved. For this index we have

1 [T
7 ), mbélﬂpn (% (1, ‘dT i (3.8)
To complete the proof we need the interpolation inequality
3*u % *u %
37?(7—7 .)|Loo < Ck72 |U(Tu ')|Loo azf (7—7 ) ‘Loc . (39)

For its proof with the best possible constants for the 1D case (m = n = 1) see [10]. The
case of arbitrary dimensions can be reduced to the 1D case by considering the function v(z;) =

Yoty a2, .29 g ag, e, 2)), where 2% = x0(7) € T™ is the maximum point of the
2

‘3;2_‘ (7, w)| and a is a constant unit vector in R™, proportional to —(7’ x%). We note that this
J

reduction preserves the Kolmogorov’s constants.
Using (3.9) and inequality (2.2), we obtain

2 k/2
ng?‘ (T’ ) Loo

V3(luol + H(r)) T

k
gm?(T’. |LOQ 2

(3.10)

Here we have used the inequality (Ck,Q)k/ 2 < /3, which can be easily proved using Kolmogorov’s
explicit representation (see [10]) via the Holder inequality. Integrating (3.10) we obtain

k/2

TfO aw T dT
dr > T 2
\f(|uo\+H( ) 7
k)2
(+ Jo 152 ,_dr) 65 (o)

ﬁ(|uo|+H<T>)¥ T V3wl + BT

This concludes the proof of (1.7) for k > 2 with the constants

= (zi7)* — . (3.11)
V3(|uo| + H(T)) >

In the next subsection we will specify the values of T' and ¢ (see (3.16) and (3.33) respectively).

3.3 Technicalities

In this subsection we introduce a more general approach to the estimates of theorem 2 which applies
to the non-periodic case. From the previous subsection we already know that the crucial condition
for theorem 2 is the “negativity” rather than the non-degeneracy of the matrix W. Let
u : [0,00) x R" — R™ be a Cl-smooth vector-valued function and f : R™ — R" be a C'-smooth
map. In this subsection © = (x1,...,2,) are coordinates in R™.

We define g; : [0,00) x R" = R, (i =1,...,m) to satisfy:

9u;

= gi(t,z1,. .. T0). 12
5y = it ) (3.12)

atui+z‘fj(ul7"'aum)

j=1
Let f(z) = f(u(0,z)). If this function is C*-smooth then we consider the norm

n

If13=sup Y
T k=

O f;
1 8xj8xk

(3.13)
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For any w € R™ the derivative V, f : R™ — R" is a linear map. For any domain £ C R™ we
denote

IV £l = sup | Vo fI| = sup max|(Vi.f)ol, (3.14)
where {(V, f)v}; = X2 g—ﬁvi. We note that for the Burgers’ (=NS’) nonlinearity (i.e., m =n
and f = u) we have 1|H:éu?|” =1
Theorem 5. Suppose that u : [0,00) x R — R™ and f : R™ — R" are C'-smooth. Let ¢ be a

positive real number and | € {1,2,...,n}. Suppose that there exists x* € R™ such that I;(x*) =
—e < 0 and that for k=1+1,...,n we have Ip(x*) = 0, where I; are defined in (3.1). Let

| fl1 = max \35% ()], (3.15)
1,7 J
where f(x) = f(u(0,z)) and let
__onjl/2 ‘.ﬂl_l
T =2om!/2 00 (3.16)
Then there exists a positive function ca(c1) such that if
T
/ sup |g(7,@)|dr < c1, (3.17)
0 =€ER™
then
T
/ (T — 1) sup |g(r,x)|dr > ca(cy) . (3.18)
0 xER™
If the function f is C?-smooth and the norm (3.13) is finite, then one can take
ip
ca(c1) = . (3.19)

22 (| FR T2 IV Sl B uol+en | Fl2T
Here B(r) denotes the ball in R™ of radius r in the FEuclidean norm, centered at the origin.

Proof. First of all we note that f(u(t,x)) and %f(u(t, x)) are a continuous vector function and
a continuous matrix function, respectively. It follows from this that

1° 3! solution of the Cauchy problem for the following ODE in R™:

SA(t,€) = flu(t,v(t,€))) (3.20)
with the initial state v(0,&) = € € R™.

2° This solution v € C* ([0, T] x R™; R™).

3° This solution satisfies  det (%25)) = exp fg Yo a%ifi (u(t,¥(t,£))), see [8].

The positiveness of the Jacobian in 3° implies inequality (3.18). The rest of this subsection is
devoted to proving this fact.

In the proof of proposition 1 bellow we will use the fact that there exists a continuous second

2

derivative j?’y(t,ﬁ). This follows from the existence and continuity of the first partial derivative
)
¢ f (u(t, ).

For the quantities (3.1) we have:
k -~
Ikl < ()R 7IF1E (3.21)

Indeed, the right hand side of (3.1) contains (}) terms and each of them is no greater than k7| fk.
Here we have used the fact that the volume of a k-dimensional parallelepiped with sides of length
less than or equal to vk|f|; is no greater than (vVk|f|1)¥.
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In the proof of propositions 2 and 3 below we will use the inequality
T|fl, > 1. (3.22)

It follows from (3.16) and (3.21) with k = [ since € = |[;(x*)|.
We fix T at the value given in (3.16). For any ¢, (¢, ) defines a mapping from R"™ into itself.
We take t = T and decompose this mapping as follows:

(T, x) = pi(x) + qi(x) , i=1,....n (3.23)

Here p(x) comprises the zeroth and the first terms of the Tailor expansion:

pi(x) = %0, 2) + —v(0,2)T =x + f(x)T . (3.24)

The remainder of the Tailor expansion can be represented as
T d2
gi(x) = / (T — 7')@%-(7, x)dr. (3.25)
0

Proposition 1. For the Euclidean norm of the vector q we have:
T
4l < 1%flauisen | (1) sup lg(r.a)|dr. (3.20
0 xcR™

We recall that | - | denotes the Euclidean norm.
Proof. Combining the chain rule with (3.20) and (3.12) we have

St A1) = 661, )

Using this equality and assumption (3.17) we obtain that the function u takes values in the ball
B(Jug| + ¢1) if t < T. We calculate the second derivative of ; (for i =1,...,n):

d? d
ﬁ%(ﬂx) = afz‘(u(tv’)’(tam)))‘

=3 S, (ratne) = (Wpa

it=T1
From this formula we obtain
2
()] < 1% f (ot sup lg(r @)
ZER™

Multiplying this inequality by 7' — 7 and using (3.25) we arrive at (3.26). O
Consider the linearization of the map p at the point * (we recall that * is the point where the
leading non zero I, is negative):

! Op;

pi(x) = pi(x*) + " (x*)azj + ¢i(az), (3.27)
j=1
where az =  — x* and ¢(ax) = o(ax).
We need to investigate the matrix
A= by THE (3.28)

which is the linear part of the right hand side of (3.27).
Proposition 2. The determinant of the matriz A is negative and bounded away from zero:

det A < —2""1V2(T|f|) L (3.29)
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Proof. The determinant is expressed by polynomial (3.4): det A = Py+(T). Using (3.21) we have

_ . ()
det A< 1+ (MIYV2T|flu+-- + (") (L= DED2Tfl) 7t —eT <
S0 (T o)1 - Tt = 711 (32002 F T e,

Using (3.16) we arrive at (3.29). It remains to explain inequality (x). For | = 1 it follows from the
trivial inequality 1 < 2"7!. For [ > 2 we use the simple fact (I — 1)(1_1)/2 < %llﬂ and inequality
(3.22) to get

L (URTIf 4+ ()= DRI ) <
() + () 4 (7)) (= DOV F) 1 < 20427 oy,

U
Proposition 3. With the matriz norm || - | we have

ll/2

A=
n (T fl)m

(3.30)

Proof. Since the numbers ||A’1||72 and ||A||> are, respectively, the minimal and maximal
eigenvalues of the matrix A'A, we have HA‘lH_l > |det A|||A||'"". Using the inequalities

[ All < nmax; ; |Ajl, |Aij| < 2T|f|1 (the second inequality follows by (3.28) and (3.22)) and (3.29)
we arrive at (3.30). O

Since ¢;(ax) = o(ax), where ¢;(ax) is the remainder term in (3.27), there exists r > 0 such that
|6i(am)| < LAY 'r for |az| <. (3.31)

Consider the sphere S, (z*) with the centre at the point * and with the radius r.
Proposition 4. There exists xg € S, (x*) such that |g(xo)| = %HA‘IH_lr.

Proof. Suppose that |g| < %HA_1|‘_17" on S.(z*). Let p(az) = ¢(ax) + qg(x* + azx). Then due to
(3.23) and (3.27) we obtain:

(T, &* + az) = p(a*) + Aaw + plaw).
We recall that * 4+ az = x. Using the inequality |p(ax)| < HA_lH_lr and (3.30), we have
|Aaz| > HA_1H71 laz| > |p(az)] for |az| =1, ie., x € S.(x*).
From this inequality it follows that the Gauss spherical map T": S,.(z*) — S1(0)

Aazx + p(ax)

T — —|AA:1: T plaz)] (3.32)

A

is well defined and is homotopic to the map

Aax

AL 7|AA33| .

Hence the degrees of these maps coincide and are equal to signdet A = —1. (see [3], II, chpt. 3). On
the other hand, the map (3.32) can be written as

v(z* + az) — p(z*)

AL .
[y(z* + az) — p(z*)|
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Since the Jacobian of 7 does not vanish, then the degree of this map is equal to

: N (T,§)
Z sign det ( )
(%)) 0¢ &=y

yey '(p(=
yeB(r)+x*

(see [3], II, chpt. 3). This number is nonnegative, so we got a contradiction which proves proposition
4. O

—1- 1,
Using (3.26) we arrive at (3.18) with ca(c1) = %.
u ugl+cy

Suppose that the function f is C2?-smooth and the norm (3.13) is finite. Then the remainder
term ¢;(ax) can be written as

odi(azx) = / (1-0 Z 3%53% (x* + Oazx)azjazydl.

Hence

n . 2
2 * . <
;:1 i (ax) = 2 ]Ek :1/ 893]81% (x +9A:c)d9axjamk> <

n

- Ppi 2 ‘ 2 1 FI272 )
/0(1—9) 3 (axjazk(‘” a2)) A0 (sapary)” < HIFRT? sl

i\j,k=1 jk=1

Now we see that (3.31) holds with

=1
= u
2|fl.T

and (3.19) follows. Theorem 5 is proved. O
Using the inequality

T 1 T
| swlgtrodr > 4. [ @ - nsulg(r)ar

0 0

we obtain fOT sup |g(7,-)| dT > ¢ with

¢ = sup min {cl, %} . (3.33)

c1>0

Let u(0,z) be periodic with compact fundamental periodic domain T. It follows that
Jp Ix(x)de = 0 (see lemma 3); so our theorem is applicable for the periodic case iff not all I () are
1dent1cally zero. In this case we can put I = max{k € 1,2,...,n: I # 0} and € = — min I;(x).
Hence, we have proved theorem 2 with ry as in (3.11), and ¢ as in (3.33).

4 Fourier coefficients

In this section we present some results concerning behaviour of the Fourier coefficients of solutions
for equation (1.1) which follow from what we have proved in the previous sections. These results
are consistent with the so-called Kolmogorov—Obukhov (K-O) spectral asymptotics.

The K-O spectral law concerns distribution of the Fourier coefficients vs(t) =

77 Jpn vt @)e

with small viscosity. Due to the law, there exist non-negative constants k1 < ko and ¢ such that for

(l)m1 <|s| < (%)K2 (the inertial range) we have (|v,]?) ~ (‘?1‘)%+n_1, i.e., the energy supported by

v

7 dax of a velocity field v(t,«) which describes turbulent motion of 3D fluid
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wave-numbers vs on the sphere {r — Const < |s| < r + Const} behaves as (1)”. Here (-) denotes

averaging over time and over a band of wave vectors. For |s| > (%)H2 (the dissipation range) the

quantities || decay faster than any power of ﬁ The theory does not say much about the energy

range |s| < (1)"" (see [5], Chpts 5, 6). The quantity »*2 is called the Kolmogorov dissipation scale
and s is called the exponent of the K-O law.

Here and subsequently, |s| stands for the Euclidean norm of an integer vector s € Z".

The K-O law is an heuristic law which applies to motion of 3D fluid, i.e., to solutions of the 3D
Navier-Stokes system. Below we prove some rigorous results for solutions of the generalised Burgers
equation 1.1, which is a K-O type spectral law. Roughly, we show that for time-averaged squared
Fourier coefficients of the solutions we have ks € [,1] and s > 1. Under the additional assumption
K < [%]ﬁ we obtain the upper bound for the exponent of the spectral law: » < 2[§] + 5. Under
the assumption k1 < % we have 3¢ < (K1), but our estimate s¢(p) blows up to infinity as p — %

In [1] it is shown that for the 1D case the Kolmogorov dissipation scale is equal to v (i.e., ka = 1)

and the exponent of the spectral law is equal to 2.

4.1 General situation

In this subsection we prove general lemmas, which provide information on the Fourier coefficients,
if we know upper and lower bounds for the Sobolev norms. First steps in this direction were made
by Kuksin [12] and most of the ideas in this section actually guided by the [12]. However we are
adopt here a slightly different presentation and present some alternative proofs.

Lemma 4. Suppose that there exist real numbers k > 0, p”(k), ¢, > 0 and a set Y} C (0,1] such
that for any v € YT} we have

3 JsiPazv) <o (). (4.1)
seL”

Then for any positive real number y and any v € YT} we have
3 a2(w) < ey W), (4.2)
Is|Zy

Proof. For any positive real y we have

daz <y Y slraz <yt ) |sPhal.

lsl>y ls|>y sezn

Using (4.1) we arrive at (4.2). O

As a corollary, taking y = A1 (+)?, for any positive real numbers z and A; < A2 < 400 and any
v € T we have

1
ag(y) < A;chgy2k¢z—2p (k)

A(2)7<IsI<A2(3)?

Lemma 5. Suppose that there exist real numbers 0 < k1 < k < ko, p"(k1), p'(k), p"(k2), ¢, >0,
¢, >0, ¢, >0 and sets T, T3,y C (0,1] such that

Z s|*a2(v) < ¢, (%)21) ®) " for any v € b 1=1,2 (4.3)
sez"
and -
Z s|*aZ(v) = ¢, (2) P®) o any v € Y- (4.4)
sezL™

Then for any p € (0,1) and any real A < A(v) and B > B(v) where

p/ (k)—p" (k1) ’ 1 p' (ko) —p' (k)

A(U) — (gi) 2k—12k1 (l) k—kq and B(V) — (gcﬂ) 2ko —2k (l) ko—k (45)

v moch v
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and any v € T}, NT), N we have
S jsazs (- Y Jsal. (4.6)
A<|s|<B sEL™
Proof. For any real A > 0 and B > 0 we have
Z |8‘2k‘ 2 Z ‘ |2k} 2k1|8‘2k‘1 < A2k§—2k}1 Z |s|2k1&§ < A2k—2k}1 Z|8‘2k1&§
|s|<A |s|<A |s|<A sEL

and

Z |S‘2k 52 Z |3|2k72k2‘s|2k2&§ <32k72k2 Z |S‘2k2&§ <B2k72k22|3‘2k2d§.

|s|>B |s|>B |s|>B SEZL
Under the condition A < A(v) for any v € T} N T} we get

Z |S|2k 2\%0 2P(k) pZ|S|2k 2.

[s|<A sSEZL

Under the condition B > B(v) for any v € T}, N Y} we get

Z|S|2k 2\%6 7217(@ HZ‘sz

|s|>B SEZL
and (4.6) follows. O

Due to the inequality

ko —k k—kq

Sp < S g (4.7)

where S = Sk(v) = Yz [8]*Fa2(v), it follows that A < B. If the closure of the set T}, NT,NTY,
contains zero, then the powers p” and p’ in (4.3) and (4.4) satisfy the following convexity property

p'(k) —p"(k1) _ p"(k2) —D'(K)
k—k ke k

(4.8)

or, equivalently,
(k — k1)p" (k2) + (k2 — k)p” (k1)

/k<
p'(k) —

(4.9)

The above two lemmas will be used to obtain bounds for the distribution of the Fourier coeflicients
of a function w such that ||ul|? € [¢,r=2P"®) fu=2"(®)] for each k.

We believe that for solutions of many types of PDE’s and, in particular, for solutions of (1.1) we
have p'(k) = p”(k) and in (4.8) and (4.9) we have equalities. According to numerics of D. Jefferson
(see [6]) this is the case for the complex Ginzburg-Landau equation. Moreover, for 1D Burgers-
type equations this result is proven analytically (see [1]). In the case of equality in (4.8) and (4.9),
lemma 5 allows to write the lower estimate for the narrowest (in terms of powers of viscosity) layer
of the wave-numbers. Moreover, there is an upper bound for the sum over the same layer which
coincides (in terms of powers of the viscosity) with the lower bounds. Indeed, using (4.7) we obtain

—k k—k ’
Z |8‘2kd2 Z |s|2k ~2 // ﬁ<c%2)ﬁ (%)211 (k)7
A<|s|<B sezn
while by lemma 5 we have

S s > (1 - wye ()70

A<|s|<B
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Under assumptions of lemma 5 we cannot, in general, expect any lower bound outside the layer
A < |s| < B. Indeed, let v > 0 and b be any real numbers and suppose that Sy (v) < cg(1)2k7_2b

ky—2b
and Si(v) > c}c(l)2 7

v

v

. Then the coefficients a2(v) could be as follows:

v fors:([V%],O,...,O)7
0 otherwise.

To connect the results obtained with the turbulence theory we give a possible rigorous definition
of K-O type law and then obtain bounds for two the most important parameters of the law.

Definition 4. We say that positive quantities a2(v) obey a K-O type spectral law if there exist
positive real numbers vy, k1 < Ko, x, ¢, C, C positive real functions o1(v) and oo(v) such that

log(o;(v)) = 6(log(v™')) as v — 0 (and sup Z;EZ;
have

1. Zr—cl<ls|<r+cl az(v) < C(%)% forr> ‘71(”)(%)’{1

2 Yroreislerta; G3(0) 2 e(3)” for i) (3)™ < <o) ()"

3. There exist function p(k) = o(k) as k — oo and positive functions C(k), v(k) such that for
any sufficiently large k, any r > 0, and any v € (0,v(k)) we have

< 1if k1 = Kg) such that for any v € (0,v9) we

D" ak(v) < Clk) (rvme)~Fume®), (4.10)

s
|s|>r

We will interpret the quantities a2(v) as the Fourier coefficients of a family of functions depending
on the parameter v. Then the first and the second conditions means that the Lo-norm that is carried
by the modes on the sphere of radius r, up to constants, behaves as r~* for wave numbers r from
the inertial range r1(v) < r < ra(v). While for r > r5(v) we have an upper bound only. The third
condition, in particular, means that for fixed v the sum Z‘s‘>r a2(v) becomes small for r > p=r2
and decays faster than any finite power of % Also it says that for any € > 0 and M > 0 the quantity
Z|S|>V7,¢275 a2(v) decays faster than v™ as v — 0.

Below we give a simple sufficient condition which implies (4.10). This condition covers the case
of linear dependence of the power of the viscosity in the upper bounds for Sobolev norm (see (4.1))
on the its number.

Proposition 5. Suppose that for any k > 0 and any v € (0,1) we have Y |s|?*a2(v) < cjy~2r2k+a,
Then (4.10) holds with C(k) = ¢}/ 5, (k) = q and v(k) = 1.
Proof follows from lemma 4. U

Lemma 6. Suppose that the quantities a2(v) obey a K-O type spectral law in the sense of defini-
tion 4. Then the values s and ko are uniquely defined.

Proof. The statement about s is obvious since the interval (v="10q(v), v~ "209(v)) is non-empty
for small v. The second statement follows from the relation:

ke = inf{x : VM the sum Z a2 (v) decays faster than v as v — 0}. (4.11)

[s|>v=r

O

The number ¢ is called the exponent of the K-O law and the number k5 is the power of the
Kolmogorov dissipative scale. The quantity "2 is the Kolmogorov dissipative scale.

The value k1 (as well as ¢, C, C; and vyp) is not, in general, uniquely defined. For example if
K1 < Ko then we can replace £1 with any real number in (k1, K2].
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Lemma 7. Let us assume that we are given:

i) real numbers p, z and 0 < hy < ha;

i) positive real functions o1(v) and o2(v) such that log(a;(v)) = o(log(v~1)) as v — 0 (and
supg;—gzg < 14f hy = ho).

Suppose that the inequalities

a) o2 (v) y—h2 b) o2 (v) y—h2
/ xidx < C"v7P / zédx > C'vP
o1(v)v—mh o1(v)v—h

holds with some positive constants C" and C" for a set Y of values v that contains 0 in its closure.
Then

a p b
)Zghjil Jorp >0, )22}%—1 forp >0,
z< -1 forp=0, 2
z> -1 forp =20,
z < —1 for p=0 and hy < ha, »
z2E -1 for p <.
zéh%—l forp <0, !

Proof. For the brevity, we write oy and o5 for o1 (v) and o5(v). It is clear that for small enough v

—h
(such that 1 < oy~ < gov~h2) the integral f;?:,hlz x*dx increases with z. The rest of the proof
follows from the following direct calculations:

1 0_§+1V—h2(z+1) (1 _ (ﬂ)z—i-ly(hz—hl)(z—o—l)) if2> -1,

o2 z+1 o2
/ z?dr = ¢ (ho — hy)log(v 1) + log(oz/01) if z=-1,
oiv—h1
Z;ll Uf+1fh1(z+1) (1 B (%)z+1y(h17h2)(z+l)> 2 < 1.

O

Lemma 8. a) Under the assumptions of lemma 4 suppose that T% 5 0 and that the quantities a2(v)
obey a K-O type spectral law. Then

ez =28 Lok 11 ifp"(k) >0,
x>1+2k if p” (k) = 0,
x>1+2k if p’ (k) = 0 and k1 < Ka,
ez 20 Lop 1 (k) <0

b) Suppose that there are real sequences {k;} and {v(k;)}, ki — oo, such that lemma 4 holds for
any k = k; with T = (0,v(k;)). Then

Ko < lim inf 2-(ke). (4.12)
Proof. a) By condition 2 of the definition 4 we have

Z |s|?*a2(v) > constr®~*  for 01(1/)(%)&1 <r< O'Q(V)(%)Nz.
r—C1<|s|<r+Ci

Hence (with a different constant) we have

oov 2

Z |s|?*a2(v) > const/ 22 d.

o1 (v) v R1<|s|<o1 (v) v T
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Using assumption (4.1) we obtain the following inequality (again with a different constant)

oav” "2 "
/ 22~ *dx < constv~2P (k)
(on

7

Now we apply lemma 7.a with z = 2k — 3¢, p = 2p"(k), h1 = k1, ha = ko, and T = T}/ N (0,1p) to
complete the proof of the first part of the lemma.

b) We prove that for any v > liminf % condition 3 of the definition 4 holds if the value ko
in (4.10) is replaced with ~.

To do this we take a subsequence {kj,} such that liminf p”]gfi) = lim pl/,g’?fi). Then

74

max{0, % —v} =0(1) asi— oo. (4.13)
D4
Now applying (4.2) for each k = k;, we obtain

Z az(v) < O(2k;,) (rv?) 2K = (ki) for any i and any v € (0, v(k;,))- (4.14)

Is|>r

where C(2k;,) = ¢, and ¢(2k;,) = max{0,2p" (k;,) — 2k;,7} (= 0(2k;,) due to (4.13)). Using the

interpolation we see that (4.14) holds when 2k;, is replaced with any & > 0 (and the functions

C(-) and ¢(-) are determined according to this interpolation). It follows that ko < 7. Hence
pll(kl)

Ko < liminf s O

Lemma 9. a) Under the assumptions of lemma 5 suppose that T;v/1 nY. N T%z 5> 0, and that the
quantities a2(v) obey a K-O type spectral law. Then

p'(k) = p" (k1)

>
2 k— ky

. (4.15)

b) If, in addition, we have k1 < pl(k;ﬁ%it(kl) then

2p’ (k .
* S 7min{fi2 p€,§k2))7p/(k) +2k+1 ifp'(k) >0,
) Fo—k
w <142k if p' (k) =0,
k—k ,

2 < =20 (k) ey =iy + 26+ 1 if p'(k) < 0.
Proof. a) We denote p_ = p'(k;;_i’;’l,(h) and p; = %. To prove (4.15) we show that for
any € > 0 the sum Z|S|>V7(p_75> a2(v) decays as v — 0 not faster than some finite power of v.

_ Fix any € > 0. Then for small enough v such that v=P-=2) < A(v) (the quantities A(r) and
B(v) are defined by (4.5) with u = 1/2) due to lemma 5 we have

SooaEw= Y @) Be)T Y |sPrae) > constyre 0,

|s|>p~(P——2) A(v)<|s|<B(v) Aw)<|s|<B(v)
b) Let B.(v) = min{B(v),r~(*279)}_ First we claim that for small enough v we have

/
E |s|?*a2 > const =2 (%),

A(v)<|s|<Be:(v)

Indeed, if B(v) < v~(*2%9) then the inequality directly follows from lemma 5. If B(v) > v~ (r2+e),
then it follows from lemma 5 and the fact that the sum leby,wﬁd a2(v) decays faster then any
power of v.
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The assumption x; < p_ implies that for small enough v we have o (v)v =" < A(v) and so, by
the condition 1 of definition 4, we have

ée(”)
Z |s|**a2 < const/ w27,

A()<|s|<B. () AW)

This inequality and the claim above imply

B:(v) ,
/ 22~ *dr > constv 2P (k).

A(v)

Now we apply lemma 7.b and take the limit € — 0 to complete the proof of the second part of the
lemma. (]

4.2 Back to the Burgers equation

Here we apply the results of the previous subsection to estimate distribution of the averaged Fourier
coefficients for solutions of (1.1).
For the sequel we note that if

4 = [5] +1 (4.16)

then for any vector-valued function w on the torus T", any k& > ¢, + 1 and any index j we have

2
L *

k—an
ullf > K2|25
J

(4.17)

where

1
Ko=) (3 o) (4.18)
seZ"\{0}

Lemma 10. Let u = u”(t,x) be a solution of (1.1) with an initial state ug.

i) Let vy and T be any positive numbers. Then for each k > 0 there exists Cy = ék(T, Vo) such
that for any positive v < vy we have

1 [T ~
= | lullidt <Cx (2

2k
T 0 ) .

(4.19)

it) Suppose that ug is non-degenerate. Let T = T'(f,uo) be given by (3.16). Suppose that the
forcing term h in (1.1) satisfies the condition H(T) < §, where c is given by (8.33). Then for any
integer k > 2 + q, and for any v > 0, we have

1t k—an
R O (4.20)
Here i, q, and K,, is given by (3.11), (4.16) and (4.18), respectively.

Proof. i) Using (1.6) we arrive at (4.19) with Cj, = R} (T) max{1, I”%ZE)(IJ‘)% Ve SUP[%;]QL’;Q’“‘I vk}

ii) Using inequality (4.17), the Cauchy-Schwarz inequality and theorem 2 we obtain:

! Tu2d K22 ' e '
- t> K2— t> —
,1/0 ” ”k nj/o Lo " 1/0

Consider the orthonormal basis on Ly(T™), formed by the exponents es(+), s € Z™, where

gk —anqy
k—an
Ox; L

9k —ang,
k—an
8xj

n yk_Qn

2 7‘2
dt) > K2 kzan 0

es() = 7 exp (24422
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The Fourier expansion of u(x) has the form

ult,w) = 3 @a(t)es(w), where dg(t) = / u(t, z)ea(@)de .

EISYAL

For the Sobolev quasinorm || « || (1.5) we have [|u[/? = (27”)% Ssczn |8[*F g,
Suppose that the initial state ug is a non- degenerate vector field. Consider the corresponding
solution of equation (1.1) and define the quantities a2() by the formula:

= 7/ (t)[2dt, (4.21)

where T = T(f,ug) is defined by (3.16). Then we have

(N1 T

2k ~ 2 V(2
—) = dt.
> s] (%) T/o [Ju” 15

SEL™

Lemma 10 implies that for any k and any v € (0,1p) we have the following inequality

S IsPadv) < (5)"Cr (1) (4.22)

EISYAL

Under the assumptions of the second part of lemma 10 we see that for any v > 0 and any integer
k > qn + 2 there is the inequality:

3 sPRa(v) = K2ri_, (&)™ (5)7 . (4.23)
sem

We recall that ¢, = [%] +1 (4.16).

Theorem 6. Let u = u”(t,x) be the solution of (1.1) with a non-degenerate initial state ug.
Take T = T(f,uo) by (3.16) and consider the averaged Fourier coefficients a2(v) given by (4.21).
Suppose that the forcing term h in (1.1) satisfies the condition H(T) < §, where c is given by the
right hand side of (3.33). Then for any k > 2+ q,, where g, is given by (4.16), there exists cx such
that for any € > 0 and any small enough v we have

Z a%(v) > constytt2ketan, (4.24)

1 _ _
()27 2k 7 <s|<()M e

For any k > 0 and vy > 0 there exists Cy, = Ci(vg) such that for any positive real numbers z and
A1 < A9, and any v < vy we have

> a2(v) < ATy, PR, (4.25)
M (2)7<lsI<Aa(2)7

Besides, for any y > 0 we have

> ad(v) < Cilyy) . (4.26)

[s|>y

Proof. The quantities a2(v) satisfy inequalities (4.23) and (4 22). Hence we can apply lemmas 4

and 5 with p”(k) = k, p'(k) = k/2 — ¢, /2 for k > g, + 2, ¢} = (Qﬂ) O ¢, = (ﬁ) K2
Choose k1 = 0 and ko > k such that

kQ_(k/2_Qn/2)
ko — k

—qn’

<1l+eg,
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and v(k, e, c, ) such that for any positive v < v(k,e, ¢}, ¢}/) we have

IR A} ) e Vg

(l)%*%*6 < A(v) and B(v) > (%)HE’

v

where A(v) and B(v) are defined by (4.5) with = 1/2. Now we apply lemma 5 to obtain

2k 2 1./ k—an
E s|?*as = 3¢, (£) :
(%)TW’E<ISI<(%)1+E

Using the inequality

E di > I/2k(1+6) § |s|2k&z
an

1_ _ 1l_49n _
(yzm2k o <s|<(L)HHe (Lyzm 2k~ <s|< (L)1 He

v

we arrive at (4.24) with consty, = ¢},/2.
Using inequality (4.22) and lemma 4 we arrive at (4.25) and (4.26) with Cy () = cJ.. O

Under the assumptions of theorem 6, we have the following conditional result:

Theorem 7. If the quantities a%(v), defined by (4.21), obey a K-O type spectral law, then the power
of the Kolmogorov dissipation scale k2 € [1/2,1]. For the power of the spectral law > we have 3 > 1,
and x> 1 if kK1 < Ka.

Suppose, in addition, that the energy range is small enough, that 15 K1 < % — &= for some integer
k = qn + 2; then we have 3 < k + q, + 1. In particular, if k1 < . +2 then we have » < 2q, + 3.

Proof. For any k > 0 the quantities a2(v) satisfy inequalities (4.1) with p”(k) = k, while for
k> qn + 2 the quantities a2(v) satisfy inequalities (4.4) with p/(k) = £ (k — ¢,). By (4.12) we have
ko < 1. Taking any ky in (4.15) and then passing k — oo we obtain ko > 1/2. Using lemma 8.a
with £ = 0 we obtain that »x > 1 and s > 1 if k1 < ka. If k1 < M and k > g, + 2, then by
lemma 9.b we have

<2k +1-— ki

Ko
Usmg the mequahty ko < 1 we obtain » < k + 1+ ¢,,. If this inequality holds for k = ¢, + 2, i.e., if

1 < % o +2, then we have n < 2q7’L + 3. -

5 Low bounds for spatial derivatives of solutions of Navier-
Stokes system

In [2] low bounds of the Lo, time-space norm of solutions of the nD free Navier-Stokes system are
obtained. In this section we amplify those estimates to the case of L; in time of the L., in space
norm.

The free Navier-Stokes system can be regarded as a special case of the equation (1.1) when
m = n, f(u) = u and h represent the gradient of the pressure term. This observation allows us to
extend the results of previous sections to solutions of the Navier-Stokes system.

In this section we consider the dynamics of a vector field u = w(¢, ) on the torus T" = Rn/mn
described by the Navier-Stokes system:

Ou + Vyu = vAu+ Vp(t, x) , (5.1)
divu =0, (5.2)
with a positive viscosity v. We assume that the initial state u(0, ) = ug is C%-smooth. Let Ty =

To(up) be supremum of existence time-interval, i.e., the smooth solution of the system (5.1),(5.2)
exists for ¢ € [0,Tp). There are lower estimates for Tp; for example, in the paper [11] it is shown that

2
Ty > VRZ(HIZE;L(){@ o )2 where R = f |uoly,__ is the Reynolds number. It is clear that if Ty < oo,

then |u(t, )|, — ocoast— T.

Remark 1. Since the mean value of u is constant, then the spatial derivatives of w blow up with
ok u(t )|
Leo

|u(t,)|r.,- Due to this reason we assume that ;R | =oo for t > Ty and any k > 1
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Theorem 8. Suppose that the initial state ug is a non-degenerate vector field. Then there ezist a
v-independent positive real numbers T and s, 33, 3y4,. .. such that for any v > 0 and for any k > 2
we have:

. 1 [T _
2L (@) dt, max 7/ 4 osw SR a)dt) > T (53)
0

Ox; j=l..n T xzcTr 9%; Vk/z

1 T
max{ max — / sup
j=1l..n 0 xeT™

As the next result shows, the assumption of non-degeneracy cannot be removed. To show this
we can restrict ourself to the 2D case since any solution of the 2D Navier-Stokes system generates
a solution of a higher-dimensional system by adding zeroth components of the field w and fictitious
variables. The non-degeneracy is preserved by this operation. We remark that in the 2D case the
non-degeneracy is a necessary and sufficient condition for theorem 8.

Lemma 11. Let u be a solution of 2D Navier-Stokes system with a degenerate initial state. Then
for-any t >0 and k > 0 we have max |u(t, @)|cw 2y < max [w(0,x)|cw (g2 and Vp=0.

Proof. In the 2D case any degenerate initial state has the form:

uo(x) = (_p2)po(brzr + baza) + (&) (5.4)

for a suitable function ¢g(-) and real numbers by, b2, ¢1, and ¢z (see theorem 3). In this case, the
solution of the Cauchy problem for (5.1), (5.2) remains of the form (5.4):

u(t,x) = (_l;f)go(t, bixy + baxo) + (c;) ,

c

where the function ¢ satisfies the following linear parabolic equation with constant coefficients:

i+ (brer — baca)’ = (b + b3)v” .
Therefore derivatives of w are decreasing and Vp = 0. (|

We note that in the 2D case the class of periodic solutions with degenerate initial state coincides
with the class of periodic solutions with Vp = 0. (For the Euler equation this is true for any
dimension, see theorem 4) Indeed, if the initial state is degenerate, then Vp = 0 due to lemma 11.
To show the converse we apply the identity

Ap(t,x) = —2I5(t, ), (5.5)
where I (¢, x) are the coefficients of the characteristic polynomial of the matrix g—;(t, x):
det (g% — A1) = (=N)" + (=X)L (t,z) + - + Ln(t, ).

The degeneracy of the initial state is equivalent to the condition I3 (0, -) = I2(0, -)
0. The coefficient I; = 0 due to (5.2).

The identity (5.5) is also valid in higher dimensions. For the proof one can take the divergence
of (5.1), (5.2) and note that div V,,u = —215(t, x).

Il
M1l
N
—~
=
~—
M1l

Proof of the theorem. As we will show, the assertion of the theorem holds for any w and p that
satisfy (5.1) (we note that equation (5.2) is not used in our calculations). First, from theorem 2 we
find T = T(ug). If To < T, then the left hand side of (5.3) is equal to infinity due to remark 1.
Suppose T' < Ty. Then from theorem 2 again, we find ¢ = ¢(ug) and 1, = r(ug) (k = 2) such that
if LT

— sup |Vp(t,x)|dt < £,

T 0 a:E'H‘"‘ ( )| 2

then for any k > 2 we have

I "
0"u Tk
T (t, )| dt > s .
jr:nﬁ.},(n T/O Q:Sél%)n aggjk( 7115)‘ Z R/2
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If
T

1
— sup
T 0 we'ﬂ‘n

Vp(t,@)|dt > §,

then for any k > 2 we have:

1 /T k-1
¥ c
max — sup | 5=t (t, ) |dt > 557"
j=l..n 0 me’ﬂ‘"| oz’ ’ | 20k=1/n

Inequality (5.3) is proved with the constant s, = min{ry, W} O
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