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On Invariant Measures of the 2D Euler Equation
Andrei Biryuk!

Abstract. In this article we study the class of the microcanonical invari-
ant measures for the 2D Euler equation under periodic boundary conditions
and show that these measures are different from those that are the limits
of the stationary measures for randomly forced 2D Navier-Stokes equation
as the viscosity tends to zero.
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81 Introduction.

Despite the fact (or maybe because of it) that every one has some intu-
ition about turbulence, the strict definition of the notion of turbulence is
rather controversial. One of the most popular mathematical points of view
is that “turbulence happens” because of certain specific properties of the
invariant measure(s) of the corresponding PDE (more precisely the stochas-
tic version of the PDE). These “specific properties” are yet to be precisely
formulated and very little is known in this direction. Indeed, questions of
existence and uniqueness of stationary measures can be difficult.

Despite being notoriously difficult, this approach allows us to speak
about turbulence for virtually any PDE. However, the notion of turbulence
with regard to the Euler and the Navier-Stokes equations is more natural
from the physical point of view. Within the last few years a number of
papers concerning with 2D statistical hydrodynamics have appeared. In
our language, they studied invariant/stationary measures for 2D Euler and
Navier-Stokes equations. Invariant measure for the deterministic Euler
equation are not unique (because there are conserved quantities). However,
physically relevant are only those that “comes” from the Navier-Stokes
equation, i.e., the limiting measures for the Navier-Stokes equation when
the viscosity tends to zero.

Hence, there is the first question (Q): among all invariant measures for
the Euler equation can we describe those that can possibly be the limiting
stationary measures of Navier-Stokes equations, and what is the limiting
procedure? First, we explain the second part of this question giving the
answer for the 2D case due to Kuksin [K04].
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We remind the reader that an invariant measure is a measure on the
phase function space H which is preserved by the flow map of the (deter-
ministic) PDE in question. That is, if ®; is the flow map for the PDE, we
define the (push forward) semigroup ®; acting on the space M (H) of all
bounded measures on (H, B(H)) by

O ()(0) = p((@7)7'(T)) T €B(H), pe M(H).

Here B(H) denotes the Borel o-algebra. Let M, (H) be the subset of
M (H), consisting of all probability measures. For the stochastic case the
flow @, is not defined, however the semigroup ®; is defined naturally on
M;H(H), see, e.g., [DPZ92, chpt 11]. From now on we consider only proba-
bility measures. A measure u € M;"(H) is said to be stationary (invariant)
for PDE in question if ®;u=p Vit > 0.

Consider the small viscosity periodic 2D Navier-Stokes (NS) system,
perturbed by a small random force:

uw—vAu+ (u-Vu+Vp=vrn(t,z), 0<v<l, (1)
divu=0, w=u(tx), p=ptzx), =xcT?=R*/2rZ%.

It is assumed that [udx = [ndax = 0. The force n is white in time and
smooth in space. Let us fix some positive . Under some assumptions
on force 7 there exists a unique stationary measure p, for equation (1).
What the value of s should be, to guarantee non-trivial limit(s) of p, as
v — 0?7 Kuksin’s answer is: » = 1/2 only. If 5 > 1/2 then the measure p,
converges to the delta measure at zero. If s < 1/2 then the support of the
measure u, spreads to infinity, as v — 0.

The question (Q) makes sense also for the case of Galerkin approxima-
tions, and the answer for the second part is the same, i.e., the procedure
is the same. (see proofs in [K04]). In this note we discuss the first part of
the question (Q) for the case of the Galerkin approximations.

Before going to the finite dimension approximations we make some gen-
eral settings.

We set 32 = 1/2 for the remainder of this article. To specify assumptions
on the random force 1 we introduce the space

H = {u € Ly(T%*R?) : divu = O,/udaz =0}.

Let es, s € Z? \ {0}, be the trigonometric basis in H:

n 1.
es(x) = ﬁls?l cos(s-x), e_s(z)= ﬁf?l sin(s-x) for s € Z%.

Here 7% = {(3!) : s1 > Oor (s; = 0and s3 > 0)}, |s| stands for the

S2

Euclidean norm of s, and (‘:;)J— = (78512)



On Invariant Measures of the 2D Euler Equation A. Biryuk

‘We assume that

n= Z bs%{ﬁs(t)}es(x)7 (2)

s€Z2\{0}

where {bs} are real constants, {§s(t)} are independent standard Wiener
processes, so 4{fBs(t)} are the standard independent white noises. We
need the assumptions

By:= Y b<oo and By:i= Y |[sfbl<occ. (3)
sez2\{0} s€z2\{0}

We assume that the real constants {bs} satisfying (3) are fixed throughout
the article. For the existence of a stationary measure p,, on H for equation
(1) see [VF8S].

The measure u, is not necessary unique. The question of its uniqueness is
delicate and very interesting but falls outside the scope of the present paper.
The questions of uniqueness in various settings are discussed in [KS00],
[EMS01], [KS02], [HMO04] see also reviews [Bric02], [K02] and references
therein.

We are interested in all possible weak limit measures (as v — 0), i.e.,
weak limits of all possible sequences p,,; as v; — 0. In [K04] it is shown that
any sequence of stationary measures i, with 7; — 0 contains a weakly
convergent subsequence. ILe., there exists a subsequence v; — 0, the cor-
responding stationary measures p,, and a measure o such that for any
f € Cy(H), i.e., any continuous and bounded function f : H — R, we have

/Hfduyjﬁ/Hfduo'

The measure yg is invariant for the (deterministic) Euler equation.
Let H(ny = span{es : 0 < |s| < N} and Py : Lo(T% R?) — Hny be
the L?-orthogonal projector. Let
n(N) = 3#{0 < [s| < N} (4)

and therefore dim My = 2n. Consider the Galerkin approximation for
the Navier Stokes equation

i —vAu+ Py((u-V)u) = Vn(t,z) (NSy)
and for the Euler equation
4+ Py((u-V)u) =0. (EN)

In view of (2) we assume 1(t) = > o |s<n bs 4 Bs(t)es(x). The same argu-
ments as apply to (1) imply the existence of a stationary measure Y for
equation (NSy).
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Theorem 1 Any sequence of stationary measures ul{,vj with ; — 0 con-
tains a weakly convergent subsequence. Moreover, every limiting measure
pdY is an invariant measure for (deterministic) equation (Ey).

Lemma 2 Any limiting measure ;' constructed in Theorem 1 satisfies
[l <y 3 s )
Hw 0<|s|<N

Here |lu||2 denotes the H?-Sobolev norm of u. We recall that for u =
S diges the H*-Sobolev norm |[ul|; is defined by

lull =D las I

In the sequel we will abbreviate s to us. The proofs of Theorem 1 and
Lemma 2 follows by the literal repetition of the proofs of Theorem 3.1 and
Lemma 3.2 from [K04].

Corollary 3 Assume (3). Then we have
[l w ) < 1 )
)

Lemma 4 The Lebesgue measure [?" on Hny = R?" is invariant for (Ex).

Proof. The system (Ey) can be written as

Lus = fs({urtocik/<n);

where u(t, z) = ZO<|s\<N us(t)es(x) and, similarly, fs are defined by

Pulu-Viu) = 3 fes.
0<|s|<N
To conclude the proof we note that for each s the function fs does not
depend on u,s and hence div, {f} = > o s<n % =0. O
The system (Ey) has two integrals of motion,

the energy E(u) = |u|?> and the enstrophy Q(u) = ||ul|?.

Let ¢; < ¢o be two positive real numbers. Define the microcanonical mea-
sure Eé\i ¢, to be

N (du) = MY, Sp—c, a=c,>"(du).

C1,C2 C1,C2
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The normalizing factor Me, ., is chosen to satisfy £ . (H(n)) = 1. The

density dg—c, o=, is a distribution obtained by the pull back procedure
from de, ¢, under the mapping

{E,Q} : H(N) - RQ.

The pull back for the distributions is defined by approximation by smooth
functions. Consider a change of variables v = u(y1,y2,2), where y; =
E(u) — ¢1, y2 = Q(u) — ¢2 and z is a (2n — 2)-dimensional coordinate such
that dz maps to the (2n — 2)-dimensional Lebesgue measure do on the
surface {E = ¢1,Q2 = c2} under this change of variables. We note that
the surface {E = ¢1,) = ¢} can also be specified in a parametric form as
{u(0,0, 2)} where z is the (2n — 2) dimensional parameter. We have

<aE_chQ_@2,¢c>>::J{ 3(B) — 1, 00) — e2) () =

/ S(y1, y2) e (ulyr, o, 2)) girsy dydz =
{z} /H{y}

P(u(0,0,2) 58], _ g 82 = [ o) ooy
/{Z} 9(y,2) |y (0,0) (N {E=e1}n{0=cs) [VE,VQ]
Here [VE, V(] is the (2-dimensional) area of the parallelogram constructed
by the vectors VE and V().

Equivalently, for any open set S the measure dp—., g—c,!>"(S) is defined
by

5E=617Q=C212n(8) = ElliI;LO 46}62 l2n<Sﬂ {lE — Cl‘ < 61} n {|Q — C2| < 62}).
(6)

This measure is not proportional to the (2n — 2)-dimensional Lebesgue
measure do on the surface {E = ¢1,Q = 2 }:

SE=cr Q=ey2™(S) = / [vg,avm'
Sﬁ{Ezcl}ﬂ{Q:CQ}

Obviously, for any ¢; < ¢ the microcanonical measure Eé\ll o, 18 invariant
for (E N)-
Hence, we have a family of invariant measures for the equation (Ey)

o) = [0 elderden),

parameterized by the measures g on R?H ={c1,c2:0< ¢ < ea}.
Physical theories of the 2D turbulence often come out with an opinion,
which in our terms states that physically relevant invariant measures for the
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equation (Ey) can be represented as a combination of the microcanonical
measures (e.g., see [KM80]). A possible understanding of what is physically
relevant is that the measure comes by a limiting procedure from the Navier-
Stokes equation. This opinion is motivated by the fact that in reality we
deal with very small but positive viscosity. For the 2D Navier-Stokes equa-
tion, supplemented by the periodic boundary conditions, Kuksin proves
(see [K04]) that among a wide class of limiting procedures, the only possi-
ble physical way is to use “square root of the viscosity scaling” for the force
and apply theorem 1. Due to this result we reformulate the corresponding
conjecture as follows:

Conjecture 5 There exist an N-independent measure g on Ri . such that
for all N > 1 there exists a measure ), provided by Theorem 1, that can
be represented in the form

i 0= [[[, 6500 atderder).

Our goal is to show that this conjecture is wrong. This follows from the
following theorem.

Theorem 6 For any positive ¢; < ¢y we have

C1,C2

/ a2 . (du) — 00 as N — oo. ™)
Hw)

If the conjecture 5 is true, then (7) contradicts to (5).
We now outline the proof of Theorem 6. First we note that

Lo = [ sl ul® ().
Hw H

o<|s|<n YT
Then we will show that (see (11) and proposition 16)

1 1

2 2\yN

us|” + |u_s|" ), o, (du) = (c2 — ¢1) =5 —F+- 8
/(N>( | | | ) , ( ) (2 1)|S|2 ’I’L(ZV) ( )

We recall (cf. (4)) that n(N) is the cardinality of the intersection Z3
and the closed disk of the radius N, centered at the origin. Using the
approximation n(N) ~ iwN? and noting that 2 1s|<IN]| |s|> ~ ZN* we
obtain

/ Jull26Y , (du) ~ (e — c1) N2,
Hwy

This proves (7). Of course the main point is to show (8). The special change
of variables reduces the last problem to a pure geometrical problem of the
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sections of multidimension tetrahedrons (simplexes). Our main technical
result, theorem 10, calculates the left hand side of (8) explicitly. We believe
that this theorem is of independent interest.

§2. Transformation of the phase space.

In this section we introduce a change of variables that reduces Theorem
6 to a pure geometrical problem.
Let Z% y = {s € Z3 : 0 < [s| < N}. We recall that the cardinality

#{Zin} = n(N). Let H(JFN) = {{yS}SGZi,N DY = 0}. Define a map
Ys = u2_s + U§~

This map preserves the Lebesgue measure in the following sense. Let U C

HTN) be any measurable set, then

(U = 72 (YY), 9)

Here n abbreviates n(N); " and £*" denote the n-dimensional Lebesgue
measure on H?FN) and the 2n-dimensional Lebesgue measure on H ), re-

spectively. To prove (9) we note that the map Y is the n' tensor power of
the map Y; : R? — R, Yi(a,b) = a? + b?, and for the latter the property

CH(U) =1 (Y,HU))

is straightforward.
Hence (in view of (6)), the microcanonical measure £, ., goes (up to

a normalizing factor) into the 2-codimensional Lebesgue £, ., measure of

surface
> ya=ci, > Islys = co. (10)

2 2
SEZy n S€LL n

Now we can rewrite the left hand side of (8) as follows

oo
[+ e d = [ 0y = [z de
H(N) H(+N) 0
(11)
Here 0., ¢, n.s(2) is the (marginal) density of distribution of the s com-
ponent ys where the random variable {yz} sez2 , are uniformly distributed
in polyhedron (10). Our next goal is to find the density Ocy es,N,s(x) and
its first moment. To conclude this short section we observe the following
homogeneity properties:

ch,CQ,N,s(fE) = Cl_lgl,cz/cl,N,s(x/Cl) (12)
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and
/xQ017C2,N7s(x)dx:cl/Ql,CZ/Cl,N,S(x)dm' (13)
83 Measures of the sections of the simplexes
Let p1, p2, ...be an arbitrary sequence of real numbers. Fix n > 2.

Assume that 1" = (1,...,1) J p® = (p1,...,pn). Consider the following
polyhedron in R™:

1’1++xn<Aa

P1T1 + -+ paty < B,

rp >0, for all k.

By Vo p(A, B) denote its n-dimensional Lebesgue volume. It is assumed
that A > 0. The goal of this section is the studying the function

Fop(A,B) = agﬁvnyp(A,B)-

We note that if B > Amax{0,p,...,p,} then we have
Vop(4,B)=Vol{z € R" : 2, > 0, x < A} = LA™,

Similarly, if pr > 0 for k =1...n, then for 0 < B < Akr_nlin P we have

Vop(A,B) =Vol{z € R : 2, > 0, prax < B} = e
For any two vectors f,, f, € R™ and two real numbers a,b consider a
set {z € R" 12, 2 0,(f, ) = a, (fy,@) = b}. Let Sy, 5,(a,b) denotes
the n — 2-dimensional Lebesgue volume of this set.

Lemma 7 The following equality holds:

S1npn (4, B) = Fn,p(AB)\/n(p% ok p2) = (ot pa)? (14)

Proof. Consider a plane, spanned by the vectors 1" = (1,...,1) and
p" = (p1,...,pn). Let e;, ey be any orthonormal basis in this plane.
Applying the Fubini theorem, for any domain £ C R?, we have

Vol{z € R" : 2, > 0, ((w, €1), (x,e2)) € Q} = //Q Se, e, (&,m)dEdn .

On the other hand, by the two-dimensional Newton-Leibnitz formula, for
any ' C R? we have

Vol{z € R" : 2, 2 0, ((z,1"), (z,p")) € V'} = // F,p(A,B)dAdB.
Q/
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Suppose the domain  in the &, n-variables corresponds to the domain €/
in A, B-variables; then we have

//g Ses,ea (& m)ded = / /Q Fup(A, B)dAdB.

Making the change of variables

//Q Sey e, (§,m)dEdn = //Q, S1npn (4, B) aa((j:%)) dAdB,

we obtain

/ N Sinpn (A, B) 555 dAdB = / / Fop(A, B)dAdB

for any domain Q'. It remains to note that the Jacobean 66((5’%)) of the

a linear map (£,7) = (£(A, B),n(A, B)) is equal to fraction of the area
of the unit square in the &, n-variables (= 1) and the unit square in the
A, B-variables. The last is equal to the area of the parallelogram spanned
by the vectors 1", p™

= [17[p"|sin Z(1", ") = \/n(p? + -+ p2) — (1 4+ pu)?.
Since the domain Q' is arbitrary, the lemma is proven. O

Proposition 8 F, (A4, B) = A" 2F, ,(1,%).

Proof. The function V(-,-) is homogeneous of degree n. Hence its second
derivative is homogeneous of degree n — 2. (|

Proposition 9 The function y — F, »(1,y) is nonnegative, with the sup-
port
supp Fi, p(1,) = [ min py, max pyl,
k k=1l..n

:=1..n

and

o 1

If all p; are positive; then

1 1
n — 1)' H:lek ’

/OOO Fop(z,)de = (
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Proof. The statement about the support is obvious. Calculate the inte-
grals. Using the two-dimensional Newton-Leibnitz formula, we have

1 o
% =vol{x eR" : 2 >0, > oy <1} :/ / Fop(x,y)dydz.
0 —00

Using the homogeneity property, we obtain

1 [e%e} 1 e’}
/ / Fop(z,y)dydz = / / 33”72Fn,p(17 %)dyda: =
0 —o0 0 —o0
1 o'} 1 [ee}
:/ / e (1, m)dnde = */ Fn p(1,m)dn.
0 —00

nJ-—co

This proves the first equality. The second can be proved similarly starting
from the following formula:

1 [e%e}
i A =vol{zx € R" : 2}, > 0, prwy, < 1} = / / F, p(z,y)dzdy.
0 —00

IT ps
k=1

O

Notation. Let n, = #{k € {1,...,n} : p;, = ¢} be the multiplicity of
the value gq.

We note that >  n, = n. To help the reader to get used with this
notation we remark that

I e-9= 11 @-9

gzl '’ €{p1,.--,Pn}\q
Both the left hand side and the right hand side contain (n — ng4)-many

factors.
Notation. Define functions (-)7" and (-)" as follows

" x>0 0,z>=0
'"L: 9 = I m: 9 = 9
(@) { 0, x <0, (@) {xm,x<0.

we note that (z)7 + (z)" = 2™.
Theorem 10 The function F,, ,(1,-) admits the representation:

N (1)t dra=t [ ((e—&))"
Frp(l, )—(n_Q). > (ng —1)! dgnq—1<‘ I1 (pj—§)>

" qe{p}y_,

10
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Equivalently, we have

1 (prat dnt [ (e
Fn,p(lac) = (n—2)! qﬂ;ﬁl (nq —1)! dgna—l ( ,,11_[ (pj - 5))

(15)

Proof. In the particular case if all multiplicities are only the ones (and
the zeros), i.e., all py are different we need to proof the following formula

1l & ()"
Fralh) = G T Gy 1o

i=1,..., n
i#k

Without loss of the generality we can restrict ourselves to this case. This
is because the case with multiplicities can be obtained by the limiting
procedure using the formula

-1 T4s _1)l-1
) O(_l)sgl_lszfz(t?)! - ((z 1)1)! #@. o an

The proof of (16) is based on geometrical properties of F), 5(1,c) (Lemma
7).

Consider linear functions:
Lhizy,..,zn) =214+ -+ 20 p(@n,...,20) =p121+ - + Dy,

We now proving formula (16). Without loss of generality we assume that
{px} are ordered: p; < --- < p,. Consider a simplex T', constructed by the
intersection of the positive octant of R™ and the hyper-plane z1+---+x, =
1. (The simplex T is the standard (n — 1)-dimensional simplex. Its volume
is: vol " V(T) = (n%/ﬁl),) We denote the vertexes of T' by Py,..., P, in
the order of increasing of the function l,. In particular, this means that
lp(Px) = pr. This ordering is called natural. The n vertexes of the simplex
T define @ lines. For each of these lines we choose orientation, i.e.,
choose the direction, according with the increasing of the function I, (-). For
each vertex Py of the simplex T we assign a positive (n — 1)-dimensional
octant Oy in the hyperplane /1 (-) = 1. This octant constructed as follows.
Given the vertex Py, consider n—1 lines contained P, and one of each other
vertexes. Since each line is oriented, the positive ray with Pj as origin is
defined (the ray is directed according with the increasing of the function
Ip(+)). Define Oy to be the convex hull of these n — 1 rays.

11
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Now, denoting the algebraic (i.e., counting the multiplicity) operation
of addition and subtraction of the sets by + and — we have

T=01—05+03—04+ -+ (=1)""10,. (18)
For each k =1,...,n consider the following functions
eu(c) = vol" L (O N {Ip () < e}),
Yi(c) = vol"2(O0x N {lp() = c}).

We remark that the these quantities are finite, since the sets OxN{lp(-) < ¢}

and Oy N {lp(-) = ¢} are bounded (by the construction of the sets Oy).

Furthermore, we note that ¢ (c) and 9, (c) are equal to zero for ¢ < pg.
In view of (18) and (14) we have

Fo.p(l,c) = Dy (D (e)

2 2 2 (19)
Vot +- - +p2) = (b1 + -+ pa)
Moreover, we have
1 .
pi(c) = ——¥r(c) dist(Lr, {lh = 1,1p = c}), (20)
and
dist(Py, {ls = 1,1, = c}) = e = Pl (21)

VO + ) = 2+ 4 )

Now, to calculate 9 (), we need to find ¢i(c). Assume ¢ > pj (other-
wise ¢(c) = 0). The line defined by the vertexes Py, P;, j # k can be
parameterized as follows:

t— P+ t(Pj — Pk)
Define t1; from the following equality

C— Dk

lp(Pr +tij(Pj — Pr)) = c = pe +tij(pj —pu) = ¢ = by = —
J

With chosen parameterization value ¢ = 0 corresponds to the vertex P,
and the value ¢ = 1 corresponds to the vertex P;. Consider a point on the
line (Py, P;), for which I, = c. The distance between this point and P, is
[t5;] dlSt(Pk, P;). Hence we have

n

o n B C—pk
i (c) = vol*H(T) H tesl = (=) r(c) n—l H
stk Ik

(22)

12
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Now can find ¢y (c) using (20), (21) and (22). Substituting the expression
of ¥ (c) into (19), we arrive at (16). The theorem is proven. O

8§4. Random variable z,,.

Notation. Let p = (p1,...,pn) be a vector of the dimension n. Then
pl, be the vector with n — 1 components, obtained by “discarding” the p,,
(I1<m<n).

Notation. For z € [0,1) we set:

anl,Pin (1 —,Cc— pmx) o (1 - x)n_SFn_lvprlm(L %)
Fop(l,c) Fop(l,c)

Oc,n,m () =

(23)

For z ¢ [0,1) we put g¢n,m(z) = 0. The function gy, m is the (marginal)

density of the distribution of the random variable x,, where the random
variable (z1,...,z,) uniformly distributed in the polyhedron

Z(l?j = 1, ijl’j =c, Z; 2 0.

This follows from lemma 7 (saying that the value of g m(x) is propor-
tional to the measure of the corresponding section of the simplex) and the
following proposition about normalization:

1
Proposition 11 We have / Ocn,m(z)dx = 1.
0

Proof. First we prove a simple fact.
Let L be an (-dimensional hyperplane in R™, (¢ < n), let S C L be a
bounded set. Fix any vector l € R". Let S¢ = SN{x € R" : (x,l) = &}.
Then we have
o[t
vol’(8) = = / vol® ™1 (S¢ ) de,

where » is the length of the (orthogonal) projection of I onto L.

Take L to be {x € R" : (1",x) = 1, (p",x) = c}. Take S to be the
intersection of L and the positive octant of R™ Take I to be the m™*" unit
basis vector of the space R™. Lemma 7 yields

voln_Q(S) = k1 Fpp(l,0),

ko F1p (1=6,c—pé), if £€l0,1],
0, otherwise.

vol"?(S¢) = {

13
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Here we have used the notation:

f= 0+ p2) = (P,

Ko = \/(n—l) -0 ).

k#m k#m

The value of s is the length of the projection of the m™" unit basis vector
onto the hyperplane L. This hyperplane is orthogonal to the vectors 1"
and p". We note that the vector p” can be replaced with p™ where p, =
Pr — % >-pj. Now we can find s using the Pythagorean theorem:

_ 2 k=1Dk 2
2 1 m n
w=1—-—— S 5-
n n_
> (pj — st p’“)
It remains to note that » = ko /k1. O

Corollary: Consider the particular case ¢ = p,,. From (23) and proposi-

tion 11 we have
1 N(n—2)!
o — ° ; l(n—2)!
1 0pnn(0) = (=2)(1-2) 0,2 [ty e =
0

(i+n—2)!"

Calculation 12 Assume that the first term p; is minimal and separated
away from other terms of the sequence {p;}3,. In other words, there
exists o > p; such that for any k£ > 2 we have o < pg. Then for any real
number ¢ € [p1, 0], any integer m > 2 and any integer n > m we have

< c—pr \' il(n—2)!
L 0c.m.m(T)dr = - .
/o Geinm() (pmm) (i +n—2)!

Proof. From (23) we have

0, for > (¢—p1)/(pm —p1) or z <0,
Qc,n,m(x) = — n—3 _
(n—2) (1 _ W) P PL o iherwise.
c—p1 cC—D

Integrating this, we obtain :

c—pPi1

Sl Pm—P1 . n—3
/ ' 0cn,m(x)dr = / z'(n —2) (1 — pg‘:p’l’l :U) p;"’:p’l’l dx =
0 0

i ! i T .
(n—2) (=2 21— 2)"3dz = (n — 2) e zi!_(‘rT;:SQ)II.
Pm=p 0 Pm—p ( )

O

14
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Calculation 13 Assume that all terms of the sequence {p;}}_, are differ-
ent. Let 1 <m < nand ming—1_, pr < ¢ < maxg—1., pr. Then for ¢ < p,
we have

(c—pi)"? ( c— i )
/lxig (2)dz = klnpk<c]‘_[‘_l<p] Pr) \Pm — D il(n —2)!
0 G Z (c—pp)"2 (i+n-—2)"
IT5=: (pj = pr)

k=1..n:pr<c

(24)

(c—pp)"~? c—pe \'
L — . H?Zl (pj - pk) Pm — Pk i\(n — 2)!
/ xZQc,n,m(x)dx = k=l.n: pp>c a7k 5 Z'(n )
0

(e=p)" (i+n-—2)"
Z H ot (pJ Pk)

k=1l..n:pr>c

and for ¢ > p,, we have

(24')
Proof. Consider the case ¢ < p,,- Without loss of generality we assume
that p1,...,ps are less than ¢, and psy1,...,p, are greater than or equal
to c.

By virtue of (16) and (23) we have
s n—3
(1= 2) S — po P O Z P2,
1 Hjﬁ;i--n (pj — Pr)
zs: (¢ — pw
e

=1 LLaZhom (pj — pk)

c,n,m\L) = 25
oo () = (25)

Both the numerator denominator contains only s terms, because other
terms (for s > k) are equal to zero.
We note that for pp < ¢ < p,,, we have

1 4
(n*Q)(pmfpk)/o 2’ (¢ = pr = (pm — pr)z), dr =

i
-2 ( c—p il(n—2)!
(c—pr)" (pm—lz;k) (i+n—2)!"
This completes the proof for the case ¢ < py,.
In the case ¢ > p,, we use the representation

n—2
Fap(l,0) = = 'Z (Gt )pk) (16)

15
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and repeat our arguments.
Formula (16") follows from (16) and the polynomial in ¢ identity:

1 n (c _ pk)n72 _ O
n—2)! P — -
( ) k=1 j=1,..., n (p] pk)
i#k

This polynomial identity follows from the fact that F,, ,(1,¢) = 0 for ¢ >
max pg. O
Remark. For ¢ < p,, (respectively, for ¢ > p,,) we can allow the multi-
plicities in the sequence {p} for py > ¢ (respectively, for p; < ¢).

Calculation 14 Let py = p2 = 1 and p > 2 for k > 2 (as, e.g., for the
half of the integer lattice). Then for 1 < ¢ < 2 and 2 < m < n we have

d [ (=92 (c=¢

dg (H?_g(pj —$) (pm—§> >
d [ (="
d§ \ TTj=s(p; =€)

Proof. This formula follows by a limiting procedure from the previous
calculation and (17). O
Using the formula ' = f(log f)’ we obtain the following proposition:

E=1 i!(n — 2)!
(i+n—2)1"

1
/ :Eigc’n,m(ac)dx =
0

=1

Calculation 15 Under the assumption of calculation 14 we have

1 i
» c—1 il(n —2)!
chm dx = : chma
/Ozg” (z)dz (pm—1> (i+n—-2)" 7"

where R, ., is defined as:

Rc,n,m =

n

n—2 1

c—1 Z pj—1
Jj=3

For fixed ¢ and ¢ we have the following uniform convergence

uniformly in m

Rc,n,m 1.

n—oo
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Proposition 16 Assume that the sequence {p;} and a number ¢ satisfy
the following property: There exists positive number € such that only finite
number of terms of the sequence {py} less then c+e. Assume that p; < pi
for all k. Then

uniformly in m:p,, >c

il(c—p1)".

n—oo

1
nl(pm - pl)l/ xzpc,n,m(x)dx
0

Proof. Denote
Ry (R L T 5
1 s! dfs Hj:l..n:pj;ﬁq(pj - g) Pm _é-
similarly, we denote:

e = G & (=&
a s € \TLjz1 npy 2q®i =€)

The quantities Wq(s) and w((f) also depend on ¢, n, m and the sequence
{px}, however we do not reflect it in the notation to avoid cumbersome
notation. Using (24) and (17), we have:

E=q

E=q

(ng—1) .
quupk<c{pk} Wy il(n —2)!

(ng=1) (4 -2
quupk<c{:ﬂk} Wq ! (Z o 2)

1
/ xipc,nymw)dx = (26)
0

The proof follows from the fact that for ¢; < g2 we have

(nq271) w(”m*l)
lim —2—— =0 lim —2— =0.
n— oo (ng; —1) n—oo , (g —1)

q1 Wqy

This means that only the first terms contribute to the limit. Moreover, we

have (1) ]
Ng— 7
hm Wq ’ = < €4 > .

n—oo wénq—l) Pm — q

Due to the comment above, we need this property only for ¢ = p;, The

proposition is proven. Il
We now will prove that “for not too big” ¢ the quantity fol ZPe,n,m(x)dT
3 c—Pp1
can be approximated by =P (n=1)

17
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Proposition 17 Suppose pr = k; then for each € > 0 there exist N > 1
and K > 1, such that Vn > N, Vm € [2,...,n], and for any

n
€ ]-7 i IR )
¢ ( min{m Klogn}
we have )
—1)(n—-1
/ xpc7n7m(x)dxu<fll> _ 1‘ £
0 c— n

Proof. Without loss of generality we can assume that £ < 1/3.
Since ¢ < m, calculation 13 give us the following expression (cf. (26)):

Wi+ W+ W+ +Wg 1
wy +wy +ws+ - Fwyg n—17

1
/ xpc,n,m(x)dx =
0

where

(c—k)n=2 c—k
(k=1 n—-K!m-k’

(c—k)n=2

Wi = (D" (CEEVIEEa)

wp = (_1>k—1

The main point of the proof is that if ¢ < 2 an then the terms Ws,

Ws,...and wsy, ws,...are much smaller than W7 and w; respectively, for
large n. Besides we have

W1 c—1
— = . 2
w1 m—1 (27)

Remark. If p; is a multiple value then we need to replace (27) with

lim,,— o0 ‘Zuvll = ;%};11. The rate of convergence can be estimated from above
as 25t (cf. calculation 15).
We have
Wy 0% Wy wa w Wy
25 35 45 and —2>—2>2s.
Wy Wo Wy w1 w2 w3

Moreover, the condition ¢ < m implies
1% w
72 o2
W1 w1

Hence it is sufficient to prove that 72 is “very small”. In other words we
will choose N and K such that for

n
>N d < mi ,———
n and ¢ < min{m Klogn}
we have
w2 &
w;  10n°

18
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This is equivalent to the following inequality

n—2
c—=2
m-D(=2) <

We see that it is sufficient to take K and N such that the condition

n
C<m fOI‘?’l>N

implies the inequality
n—2
—2
(£2) "< (28)

: : Wi+ Wot Wi+ -« 9 : Wy
In this case the quantity Tt s almost” the quantity o

and (27) concludes the proof. Inequality (28) is equivalent to the following
relation
(n —2)log(<3) < log(e/10) — 2logn.

c—1

Since log(i:%) < fc_%, then (28) follows from any of following equivalent

inequalities:
< n—2
c
2logn — log(e/10

—1=2 < og(e/10) — 2logn & )—1-1.
This means that we can take K = 3 and N = N(g). The proposition is
proven. O

Acknowledgements. The Author is grateful to Professor S. Kuksin for
the statement of the problem and attention to this work, and to Professor
S. Foss for usefull discussions.

References.

[Bric02] J. Bricmont FErgodicity and mizing for stochastic partial differ-
ential equations. Proceedings of the International Congress of Mathemati-
cians, Vol. T (Beijing, 2002), 567-585, Higher Ed. Press, Beijing, 2002

[DPZ92] G. Da Prato and J. Zabczyk, Stochastic equations in infinite
dimensions. Cambridge, 1992.

[EMS01] W. E, J. Mattingly, Ya. Sinai, Gibbsian dynamics and ergod-
icity for the stochastically forced Navier-Stokes equation. Comm. Math.
Phys. 224, no. 1, (2001), 83-106

[HMO04] M. Hairer, J. Mattingly, Ergodicity of the 2D Navier-
Stokes equation with degenerate stochastic forcing. Preprint.
arXiv:math.PR /0406087 (2004).

[K02] S. B. Kuksin, Ergodic theorems for 2D statistical hydrodynamics,
Rev. Math. Physics 14, (2002), pp. 585-600

[K04] S. B. Kuksin, The Eulerian limit for 2D statistical hydrodynamics.
J. Stat. Physics 115, no. 1-2, (2004), pp. 469-492

19



On Invariant Measures of the 2D Euler Equation A. Biryuk

[KM80] R. Kraichnan and D. Montgomery Two-dimensional turbulence.
Rep. Progr. Phys. 43 no. 5, (1980), 547-619.

[KS00] S. B. Kuksin, A. Shirikyan Stochastic dissipative PDEs and
Gibbs measures. Comm. Math. Phys. 213 no. 2, (2000), 291-330.

[KS02] S. B. Kuksin, A. Shirikyan Coupling approach to white-forced
nonlinear PDEs. J. Math. Pures Appl. 81 no. 6, (2002), 567-602.

[VF88] M.I. Vishik and A.V. Fursikov, Mathematical problems of sta-
tistical hydromechanics. Kluwer, Dordrecht, 1988.

Address:
Dr Andrei Biryuk
Dept. of Mathematics & Statistics,
McMaster University,
1280 Main St. W.,
Hamilton, Ontario,
Canada L8S 4K1;
email: abiryuk@math.mcmaster.ca
tel: +1 905-525-9140, ext. 27112
fax: +1 905-522-0935

20



